CALABI-YAU FROBENIUS ALGEBRAS 



CHING-HWA EU AND TRAVIS SCHEDLER 



Abstract. We define Calabi-Yau Frobenius algebras over arbitrary base commutative rings. We 
define a Hochschild analogue of Tate cohomology, and show that this "stable Hochschild cohomol- 
ogy" of periodic CY Frobenius algebras has a Batalin-Vilkovisky and Frobenius algebra structure. 
Such algebras include (centrally extended) preprojective algebras of (generalized) Dynkin quivers, 
and group algebras of classical periodic groups. We use this theory to compute (for the first time) 
the Hochschild cohomology of many algebras related to quivers, and to simplify the description of 
known results. Furthermore, we compute the maps on cohomology from extended Dynkin prepro- 
jective algebras to the Dynkin ones, which relates our CY property (for Frobenius algebras) to that 
of Ginzburg (for algebras of finite Hochschild dimension). 
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1. Introduction 

Frobenius algebras have wide-ranging applications to geometry, e.g., to TQFTs in [MooOHlLazOlt 
ICos04 ]. and are closely related to the string topology Batalin-Vilkovisky (BV) algebra [CS99t[CS04] . 
as described in e.g. [Cos04l iHLOl ICVOSllTZUH] . 

One motivation for this work is to explain the following algebraic phenomenon: the Hochschild 
cohomology of many interesting Frobenius algebras has a BV structure. For example, this is true 
for symmetric Frobenius algebras, and for preprojective algebras of Dynkin quivers (which are not 
symmetric) . 

To explain this, we define Calabi- Yau ( CY) Frobenius algebras^ whose Hochschild cohomology has 
not only the usual Gerstenhaber algebra structure, but a BV structure (at least when the algebra 
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is also periodic, as we will explain). The CY Frobenius property is similar to the CY property of 
|Gin0 6] ■ but not the same: any Frobenius algebra over C which is CY in the sense of |Gin06j must 
be a direct sum of matrix algebras. 

The prototypical example of a CY Frobenius algebra A of dimension m {CY{m)) over a field k 
is one that has a resolution (for := A 

(1.0.1) A'^Pm^Pm-l^ >Po^A, A" ■.= RomA4AA'), 

with each P, a projective ^-bimodule (the sequence must be exact). Our definition is a weakened 
version of this: A"^ ~ Q,"^~^^A in the stable ^-bimodule category (this notion is recalled in Appendix 

m- 

Any symmetric Frobenius algebra has A = A"^ , and so we say it is CY Frobenius of dimension 
— 1. Our methods give a very short, simple proof of the fact that the Hochschild cohomology 
of such algebras is BV ( ^2.4p . for which many (generally more complicated) proofs are given in 
e.g. |Cos04l [TVi02l IMen04, TZ06, IKau04l lKau06| . 

In |ES98bl IES98al IEE07] . it was also noticed that the Hochschild cohomology of preprojective 
algebras of Dynkin quivers has a self-duality property: one has HW{A) = HH^^^^~^{A)* for such 
algebras, with z,5 + 6j — i > 1, and moreover one has the periodicity HW{A) ^ HW+^i when 
+ i > 1 (here, j is an integer). 

We explain this by introducing stable Hochschild cohomology HH *(A), of Frobenius algebras 
A. This is a Hochschild analogue of Tate cohomology, which coincides with the usual Hochschild 
cohomology in positive degrees, and is defined using the stable module category by HH *(^) = 
ilom ([l* A, A) (in the latter form, this was studied in various papers, e.g., |ES06j ). We show that 
this is a Z-graded ring, and prove it is graded-commutative. To our knowledge, this is the first time 
Hom{0,* A, A) has been studied in this way. We also define the notion stable Hochschild homology 
HH,(A), which coincides with the usual notion in positive degrees, and prove that HH,(^) is a 
graded module over HH *(A) using a natural contraction action, which generalizes contraction in 
the Z>o-graded case. These results are in Theorem 12.1.151 

We then show that, in general, HH,(^) = llR _i_^(A)* (which makes the contraction opera- 
tions graded self- adjoint), and that the Cy(m)-Frobenius property produces dualities HH,(^) — 
HW^~*{A). Put together, we obtain a graded Frobenius algebra structure on HH*(A) (Theorem 
12.3.271) ■ explaining the aforementioned results of [ES98bl lEHMil lEEOTj . In particular, HH'(A) ^ 
HH^™^^~*(A)*, as modules over HH '^(A): in the preprojective algebra cases, m = 2, which explains 
the aforementioned duality. 

Call a (Frobenius) algebra periodic if it has a periodic A-bimodule resolution (or, more generally, 
A ~ Q^A in the stable bimodule category, for some n). We prove that the stable Hochschild 
cohomology of periodic CY Frobenius algebras has a BV structure (Theorem l2.3.64( ). More generally, 
for any periodic (not necessarily CY) Frobenius algebra, the structure of calculus |TT051 IGDT89j 
on the pair (HH*,HH,) extends to the Z-graded setting ( HH *, HH .) (Theorem 12.3.47] ). Moreover, 
we show that, in the (centrally extended) preprojective cases, the BV structure and Frobenius 
algebra structure are compatible: the BV differential is graded selfadjoint — we call such an algebra 
a, BV Frobenius algebra. 

Additionally, all of the above work is done in the context not only of Frobenius algebras over 
a field, but over an arbitrary base commutative ring. Precisely, we use the notion of Frobenius 
extensions of the first kind |NT601 IKas61| . which says that the algebra is projective over a base 
commutative ring k and that the duality is nondegenerate over this base. (Perhaps this could be 
generalized further to an ^oo-Frobenius property, but we do not do this here.) 

New computational results (extending |ES98b[ lES98al IEEn7[ IEun7c[ IEun7aj ) concerning prepro- 
jective algebras include: 
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• The computation of Hochschild (co) homology of preprojective algebras of Dynkin type over 
k = Z (in types D,E, the results |EE071 lEuOTcl lEu07a] are over characteristic-zero fields), 
and the proof that HH * is BV Frobenius over any field (Theorem I3.2.7P : 

• The computation of cup product and BV structure on Hochschild (co)homology of centrally 
extended preprojective algebras |ER06| (the groups were computed over C in |Eu06] ). which 
we show is BV Frobenius (Theorem 14.0.12] ): 

• The computation of the induced maps from the Hochschild (co)homology in the extended 
Dynkin case to the Dynkin case by cutting off the extending vertex (Theorem 13. 3. 4p . This 
explains the structure in the Dynkin case and elucidates the relationship between the 
usual Calabi-Yau and Calabi-Yau Frobenius properties (which is analogous to Euclidean 
vs. spherical geometry); 

We also explain and simplify the cited known results. 

Our other main example is the case of group algebras of finite groups, which are automatically 
Calabi-Yau Frobenius (since they are symmetric). We are interested in when these are periodic (and 
hence HH * is BV and Frobenius, by Theorem 12. 3. 64p . We show (Theorem 15. 0.Sp that the periodic 
(CY) Frobenius algebras are just the classical periodic algebras, i.e., those whose group cohomology 
is periodic (using classical results). In the appendix, we also give an elementary topological proof 
that groups that act freely and simplicially on a sphere (such as finite subgroups of SO{n)) are 
periodic (CY) Frobenius. 

1.1. Acknowledgements. We thank P. Etingof and V. Ginzburg for useful discussions and advice. 
The second author was partially supported by an NSF GRF. 

1.2. Definitions and Notation. Here we recall some standard definitions and state the notation 
we will use throughout. 

All complexes will be assumed to have decreasing degree (i.e., they are chain complexes), unless 
otherwise specified. 

Let us fix, once and for all, a commutative ring k. When we say "algebra over k" , we mean an 
algebra A over k — > A such that the image of k is central in A. Bimodules over an algebra A over k 
will be assumed to be symmetric as k-bimodules (i.e., A-bimodules mean A'^ := A®k^°^-iiiodules). 

Notation 1.2.1. The category A — mod means finitely-generated A-modules, for any ring A. The 
category A — mod\^ means finitely-generated A-modules which are finitely- generated projective as 
li-modules. 

Notation 1.2.2. We will abbreviate "finitely-generated" as "fg." 

By a "Frobenius algebra over a commutative ring k", we will mean what is also known as a 
"Frobenius extension of the first kind" in the literature [NT601 lKas61j . namely: 

Definition 1.2.3. A Frobenius algebra A over a commutative ring k is a k-algebra which is a fg 
projective k- module, and which is equipped with a nondegenerate invariant inner product ( , ), i.e.: 

(1.2.4) {ab,c) = {a,bc),ya,b, c G A; (— ,a) : A — > Homk(A, k) is an isomorphism of k-modules. 

Example 1.2.5. Any group algebra k[G] is Frobenius if G is finite, using the pairing (g, h) = Sg fi-i 
for g,h G. In fact, this algebra is symmetric (meaning A = A* as A-bimodules). 

Example 1.2.6. The preprojective algebra Hq is known to be Frobenius if Q is Dynkin (cf. e.g., 
[ES98al lER06j ). It is not difficult to see (e.g., through explicit bases as in |Eu07cj ) that these are 
in fact Frobenius over Z. 

Example 1.2.7. Centrally extended preprojective algebras of Dynkin quivers were defined and 
proved to be Frobenius in |ER06j (working over C). 
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Example 1.2.8. For any two Frobenius algebras A, B over k, the algebra A (8ik B is also Frobenius. 
In particular, so is A^. 

We will mainly be interested in the cases where k is a field or k = Z, and A is a fg free k-module. 
(These are generally known as "free Frobenius extensions of the first kind," cf. [NT60j .) 

We refer to Appendix[B]for some general results about Frobenius algebras and the stable module 
category over arbitrary commutative rings, which are direct generalizations of standard results in 
the case where k is a field. In particular, the results there justify the following definitions: 

Definition 1.2.9. Let the projectively stable module category A — mod be the category whose 
objects are fg A-modules, and whose morphisms Hom^ are given by 

(1.2.10) Hom ,(M, N) := {/ G Hom^(M, N)] 

/{morphisms that factor through a projective ^-module}. 
Let A — mod y C A — mod be the full subcategory of modules which are projective as k-modules. 
Definition 1.2.11. For any algebra A over k, define the functor : A — mod — > A"^ — mod by 
(1.2.12) := HomA(M, A), 

with the natural induced maps on morphisms. 

Definition 1.2.13. For any Frobenius algebra A, lei rj : A ^ A he, the Nakayama automor- 
phism defined by 

(1.2.14) (a,6) = (r/-^(6),a), Va,6G^. 

Definition 1.2.15. For any (k-linear) automorphism (p : A ^ A, and any yl-module M, let 
denote M with the twisted action given by precomposing A — > Endk(-/W) by (p. Similarly, for any 
bimodule N, ^N^^p denotes twisting the left action by (f) and the right action by ij). If either of (p, ip 
is the identity, we may omit it from the notation. 

We have = A* as A-bimodules (conversely, such an isomorphism is equivalent to (— , — ) with 
automorphism r]). 

Definition 1.2.16. Let A be a Frobenius algebra over k and M,N fg A-modules which are pro- 
jective as k-modules. For any integer i G Z, let us denote 

(1.2.17) ExtyM, N) := Eom^{n'M, N). 

Remark 1.2.18. When G is a finite group, and k is a field (of any characteristic), the cohomology 
groups Ext |^p| (k, M) are the Tate cohomology groups over k with coefficients in M. Indeed, we may 

compute Ext j,jq (k, M) by the complex Hom(P,, M) where P, is any two-sided projective resolution 
of k (i.e., an exact (unbounded) complex of projectives such that the cokernel of Pi Pq is k). 
This is one of the standard definitions of Tate cohomology (cf. e.g. [AM04j . Definition 7.1). 

Remark 1.2.19. By the same token, it makes sense to define the Tate cohomology of any Hopf 
algebra H which is Frobenius over k by Ext ^fk, M), where k is the augmentation module. Note 
that, if k is a PID, then a Hopf algebra H over k is automatically Frobenius if it is fg projective as 
a k-module |LS69j . 

Next, we recall the definition of a Gerstenhaber algebra. 

Definition 1.2.20. A Gerstenhaber algebra (V*,A,[,]) over k is a Z-graded supercommutative 
algebra (V, A), together with a bracket [ , ] : V (X) V — > V of degree —1, such that the induced bracket 
of degree zero on the shifted graded k-module V'"''^ is a Lie superbracket, satisfying the Leibniz 
identity, 

(1.2.21) [aA6,c] =aA[6,c] + (-l)'""6A[a,c], a G V", 6 G V", c G V. 
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Finally, we recall the definition of a BV algebra. 

Definition 1.2.22. A Batalin-Vilkovisky (BV) algebra (V*, A, A) is a Z-graded supercommutative 
algebra (V*,A) equipped with an operator A : V ^ V of degree —1 such that A^ = 0, and such 
that the bracket [ , ] defined by 

(1.2.23) {-ir+'^[a,b] = A(aA6)-A(a)A6-(-l)'^aAA(6) + (-l)'"+"aA6AA(l), a G ^",6 G V", 
endows (V*, A, [ ,]) with a Gerstenhaber algebra structure. Here, 1 G V*^ is the algebra unit. 

2. General theory 

The goal of this section is to prove that periodic Galabi-Yau Frobenius algebras have BV and 
Frobenius structures on their Hochschild cohomology (Theorems 12.3.271 12.3.64]) . Along the way, 
we will prove several general results about the Hochschild (co)homology of Frobenius algebras over 
an arbitrary base commutative ring. We also explain why our definition of Galabi-Yau Frobenius 
implies the GY condition of |ES06j (Theorem 12.3.21]) . and give a new proof that the Hochschild 
cohomology of symmetric algebras is BV ( §2.4p . 

We will need a straightforward generalization of the stable module category to a version relative 
to k, which we relegated to Appendix iBl 

2.1. Stable Hochschild (co) homology. In this section, we define and begin the study of the 
stable Hochschild (co) homology, by replacing Ext by Ext in the definition. By Remark ll.2.181 
this is the Hochschild version of Tate cohomology of finite groups. 

For Hochschild homology, we will first need the notion of stable tensor product: 

Definition 2.1.1. Let A be any algebra over k (projective as a symmetric k-module). For any 
A°P-module M and any ^-module N, such that M, N are fg projective as k-modules, define 

(2.1.2) M0^N := {f e M ®A N \ f e Ker{M 0a N ^ M I), 

for any k-split injection N ^ I, with / relatively injective.} 

The condition that / G Ker(M 0a N ^ M ®a I) for any particular k-split injection N ^ I as 
above is equivalent to the condition holding for all such k-split injections (cf. Appendix [B]) . 

Proposition 2.1.3. If A is a Frobenius algebra, then the definition of is symmetric in the 
following sense: 

(2.1.4) M ®^ N^{f (^M®AN\f a Ker(M ®aN ^ J®a N), 

for any \i-split injection M ^ J, with J a relatively injective A°^ -module) . 

Thus, one has 

(2.1.5) M^j^N ^ N^^,,M. 

Proof. Fix k-split injections N ^ I,M ^ J, for /, J relatively injective (=fg projective) A- and 
^°P-modules, respectively. Since /, J are projective, the maps M (>^a I J (^a I and J (^a — > 
J ®A I are injective. Hence, the kernel of M ®a N ^ J ®a N is the same as the kernel of 
M ®aN M <^aI (both are the kernel oi M ®a N J ®a I)- □ 

Definition 2.1.6. Let ^ be a Frobenius algebra over k. For any ^°P-module M, and any ^-module 
N , both which are fg projective over k, we define the i-th stable Tor groups by 

(2.1.7) Torf (M, N) := M ®^ Q'N. 
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Proposition 2.1.8. If A is Frobenius overh, then 

(2.1.9) Tmf{M, N) ^ Torf (M, N), i > 1, 
and moreover, the definition (|2.1.7p is symmetric in the following sense: 

(2.1.10) M^^n'N ^n'M^^N,\/i eZ. 

Proof. The first statement follows similarly to Corollarv lB. 0.141 Similarly, we find that J1*M ®^ = 
Tori{M, N) for i > 1, which yields (j2.1.10p for i > 1. The statement is tautological for i = 0. To 
extend to negative i, we may use the trick (O'W) ®^ n'in-'N) = il*(r^~*M) ®^ Q-'N. □ 

Definition 2.1.11. Suppose that A is Frobenius over k, and let M be any A-bimodule which is 
fg projective as a k-module. The i-th stable Hochschild (co)homology groups (which only depend 
on the stable equivalence class of M) are defined by 

(2.1.12) BH\A,M) :=Ex^^e{A,M), RRAA,M) := TorfiA.M). 

Corollary 2.1.13. With A,M as in the definition, RH\A,M) ^ RW{A,M) and HHi(y4,M) ^ 
HHi(y4,M) fori>l. 

Remark 2.1.14. One could pose the definitions of stable Hochschild (co)homology and stable Ext 
and Tor when A is not Frobenius, but one probably wants 0, to be an autoequivalence to have a 
reasonable notion (e.g., if A is "relatively selfinjective;" see Appendix [B]1 . 

One has many algebraic structures attached to Hochschild cohomology and homology: put to- 
gether, these form the structure of calculus (cf. e.g., |TT05] : see Definition 12.3.421 for the defini- 
tion). This includes cup products U for Hochschild cohomology, and contraction maps HH^(A) 
HHi{A) HHe-j{A) for j < I. For / G HW{A), we denote by i/ : HHi{A) HHi_j{A) the 
corresponding contraction. We now show that the cup and contraction structures extend to the 
stable, Z-graded setting. 

Theorem 2.1.15. (i) Let A be any Frobenius algebra over\<.. Then one has a well-defined cup 
product on HH *(A, A), giving the structure of an associative algebra, and extending the cup 
product on HH-^{A,A). 

(ii) One has a well-defined contraction operation HH- ^(^, A) (g) HH ^fvl, M) — > HH ^^jjA, M), 
which extends the usual contraction operation, and satisfies the relation 

(2.1.16) ifigix) =ifug{x), 

where if{x) is the contraction of f ^ HH 'fA, A) with x € HH .(A, M). (M is any fg 
A-bimodule.) 

(iii) The algebra HH *(A, A) is graded- commutative. 

Proof, (i) The cup product is easy to define: for / G ^\A,A) and g G HH^U, A), we have 
/ G Hom(QJ.4, A) and g G Hom (17J+^^, VL^A), so we may consider the composition 

(2.1.17) fVJg:=foWg = fon\f\g, 

where |/| denotes the Hochschild cohomology degree. It follows immediately that the cup product 
is associative. 

(ii) To define the contraction operation, note that / G HH- ^(^, A) = Hom ff^-^^, A) induces a map 

(2.1.18) Q.^A®j^,Vl''A^A®j^,Vt''A, 
for all k. Applying the equivalence ^2, we obtain a map 

(2.1.19) A®j^, n^+^A A^j^, qI'A, 

for all k ^"L. This is the desired map. We automatically get the intertwining property ()2.1.16p . 
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(iii) We have isomorphisms in the stable module category, 
(2.1.20) n^A ^''A A n^+''A, 

which follow from the fact that i}^A may be considered as a projective left ^d-module for all j (using 
the sequence Q,^ A ^ A ^ A ^ A, which is split as left ^-modules). We will need the 

Claim 2.1.21. Let us use ilM := (17^)®-** for i > 1. Given f G Rgm{i}^A, Q^'A), we may form 
a representative of ilf G Hom fO-^+^^d, Vt'^^^A) by either Id f or by {—\y~^f ®a Id. 

Proof. This follows from the fact that the stable module category is a suspended category as 
in |SA04| (since it is a full monoidal subquotient of the derived category which is closed under 
suspension). However, we give an explicit argument. The terms of the normalized bar resolution 
may be written as A ® VL'A., and if we construct this by splicing together sequences Vf^^^A ^ 
A ^ 0,'^A -» 0,'^A, it is easy to see that / lifts to / (^a Id. Writing the terms of the normalized bar 
resolution as ^*A ^ A, we obtain the desired sign corrections of (— 1)-'"^. □ 

As a consequence, if we have / G HH- ^ (^4, A), q G HH'^(j4, A), then we may compute / U g in 
two ways. First, if j,k > 0, then letting /' G Rom. (n^ A, A), q' G Bam{Q''A,A), we may use 
either the formula /' (Sia q' or (—1)1-^11^13' ®a f ■ Similarly, if j, /c are arbitrary, we take instead 
/' G Hom(0"+^' A, VeA),g' G Hom(0^+''A, A) for a + j, a, 6 + fc, 6 > 0. Then the same argument 
for the composition ^ f o Q°-+^g' yields either {-ly^f 0a g' or (^-l)("-+j)''g' (g)^ /'. So, we obtain 
{-ly^f Ug = (-1)(^+'=)J5 U /, as desired. □ 

Finally, we present a duality property for stable Hochschild homology, which will induce a Frobe- 
nius algebra structure on Hochschild cohomology for "Calabi-Yau Frobenius algebras." To do this, 
we first need to explain how to write standard complexes computing HH . and HH*. More generally, 
we define these computing stable Ext and Tor. 

Definition 2.1.22. For any Frobenius algebra A over k and any fg yl-module M which is projective 
over k, call a two-sided resolution of M, an exact k-split complex of fg projective A-modules, 

(2.1.23) > P2^ Pi^ Po^ P-i^ P-2^ ■■■ , 

such that M is the cokernel of Pi Pq (and the kernel of P_i — > P^2)- 

(2.1.24) Pi ^ Po ^ M P_i ^ P__2. 

Definition 2.1.25. For any Frobenius algebra A, any fg left ^-module M which is projective over 
k, any fg right A-module A'^ which is projective over k, and any two-sided resolution P, of M, 
define the associated ("standard") complex computing stable Tor, 

(2.1.26) C^{N, M) := N (g)^ P.. 

Similarly, if now M, N are both fg left yl-modules which are k-projective, we define the associated 
("standard") complex computing stable Ext, 

(2.1.27) Ca{M, N) := RomA{P„N). 

We call the classes of the complexes C*,C, in the (unbounded) derived category of fg k-modules, 
the stable M^^N and RHom(M, A^). 

Definition 2.1.28. For any two-sided ^''-resolution of A, we call C,{A,A) := C^''{A,A) and 
C*(A,A) := C\e{A,A) the associated "standard" complexes computing stable Hochschild homol- 
ogy and cohomology, respectively. 

Remark 2.1.29. Note that we could have chosen to reserve the words "standard" for complexes 
resulting from the bar resolution of A (which can be completed to a two-sided resolution, as we 
will explain). 
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Theorem 2.1.30. Let A be a Frobenius algebra over k. We have the following duality: 

(2.1.31) Dk ■.ERi{A,A) ^ HH„i_i(A,y4)*, i/k is afield, 

q.i. 

(2.1.32) I}]^ : Cf {A, A) ^ C^l_,{A, A)\ in general. 
Moreover, using (j2.1.3ip . the contraction maps become graded self adjoint: 

(2.1.33) Bk(vx) = (-l)l^ll^'li}Dk(x). 

An easy extension of the theorem to coefficients in any bimodule M which is fg projective over 
k yields: 

(2.1.34) Dk : HHi(AM) ^ HH_i_^(^,M* ®a A^)*, Cf{A,A) ^' Cfi_.(AM* (^aA^^)*. 
To prove the theorem, the foUowing easy identifications wiU be useful: 

Lemma 2.1.35. Let A be a Frobenius algebra over k. 

(i) For any left A-module M which is fg projective over k, 

(2.1.36) {^My^(M%, i^M^^iM'')^, ^A®aM^^M. 
Furthermore, 

(2.1.37) = M* ^ (M^)^. 

(ii) As A-bimodules, we have 

(2.1.38) ^A^^A^-,,^, A^'^A^-,, A"" (^a A* ^ A^ A* (^a A"" . 
Proof, (i) The first set of identities is immediate. For the second, we use (jB.O.lOp : 

(2.1.39) ®A A* ^ M*_i ®A A* ^ M* . 

(ii) The first identity is clear. Applying ()2.1.37p to the case of bimodules, we have 

(2.1.40) A* (g)A A"^ ®A A* ^ ®A- {A"")* ^ A*, 

which immediately gives the last identity, and hence the second. □ 

Proof of Theorem \2.1.'3(A Given any two-sided resolution P, of A, the lemma shows that the exact 
complex P^i_, ®A A* must be another two-sided resolution of A. Furthermore, we have 

(2.1.41) (P_Yi_. ®A A*) ®A^ A ^ P_Yi_. ®A^ A* ^ HomA.(P_i_.,^*) ^ {A ®a^ P-i-)*, 

where the last isomorphism uses the standard adjunction. 

To show the graded selfadjoint property (j2.1.33p . we first note the following naturality: applying 
(/^ ®A Ma*) ®a<' Id on the LHS of (j2.1.4ip (where / is the lift of / to P.) is the same as applying 
(Id ®A<' /)* on the RHS. Now, the LHS can be replaced by the complex HomAe(P-i-,, A* ®a P») 
(which is the total complex, summing the • degrees). Applying (/^ ®a Id^*) <^A= Id becomes 
right composition with /. Using the same argument as in the proof of Theorem I2.1.15l (iii). 
this is chain-homotopic to applying left composition with (— l)l-^l l~^"*l (IdA* ®a /)• Now, via 
the quasi-isomorphism A ^a^- P. — (P^i_, ®A A*) ^a^ P» — Homyie(P_i_,, A* (g)^ P.), applying 
(_l)l/l l-i-*ll(j^, (g)^ y ggtg carried to this map, which we showed is chain-homotopic to the map 
obtained from applying (Id ®a<' /)* on the RHS of (j2.1.4ip . Now, passing to homology, we get 
the desired graded selfadjointness. (In the Calabi-Yau Frobenius case which we will define, we can 
deduce this result more simply as in the proof of Theorem I2.3.27P . □ 
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2.2. Relative Serre duality for the stable module category. From now on, let A be a, 

Frobenius algebra over k. As was noticed in [ES06], when k = a field, the Auslander-Reiten 
homomorphisms give a Serre duality for the stable module category. We recall this and produce a 
relative version. 

Notation 2.2.1. Let u : A — mod — > A — mod be the Nakayama functor, v = * oM . 

Note that, when k is a field, u sends projectives to injectives, and vice-versa, and in fact induces 
an equivalence of categories {projective ^d-modules} <-> {injective ^d-modules}. Also, by (jB.O.lOp . 
one has the following simple formula for vM (which will be useful later): 

(2.2.2) vM ^ A* ®aM ^ ^-iM. 

Proposition 2.2.3. |ES06] When k is a field, we have functorial isomorphisms 

(2.2.4) Hom^(M, N) ^ Hom^(iV, ^vM)*. 

The proof is based on the Auslander-Reiten formulas (cf., e.g. [ARS97t IASS06] ). 

In order to make proper sense of the Serre duality for arbitrary k, it is necessary to replace the 
groups above by complexes and dual complexes. First, observe that the above isomorphism can be 
rewritten, by replacing M by J7*Af, as 

(2.2.5) Ext^(M, N) ^ Ext;4^"*(iV, vM)* . 
The following then gives a version of the above for general k: 

Theorem 2.2.6. Let M, N be A-modules which are fg projective as k-modules. Then, one has a 
functorial quasi-isomorphism in the derived category, 

(2.2.7) (M, uN) ~ C^^-'{N, M)* . 

Proof. Fix a two-sided projective resolution P, of A^. Applying we obtain a resolution of v{N). 
By Proposition lB.0.4] Hom^(M, i^P_i_,) may be used to compute Ext^(M, vN)., since uP, is a two- 
sided resolution of vN consisting of relatively injectives. Furthermore, for any two-sided resolution 
Q, of M, we may obtain quasi-isomorphisms 

(2.2.8) C* (M, vN) = HomA(Q., vN) ^ RomA{Q.,iyP-i-.) ^ HomA(M, uP^i^.). 

Next, we show that HomA(M, i^P_i_,) ~ HomA(P-i-., Af)*. For any module L, there is a functo- 
rial map 0A M HomA(i, M), which is an isomorphism if L is projective. Applying this map 
and its dual, we obtain 

adj. 

(2.2.9) HomA(P-i_., M)* A (P^i_. (g)^ M)* ^ HomA(M, zvP_i„.), 

the last map using adjunction. □ 



2.3. Calabi-Yau and periodic Frobenius algebras. We will modify the definition of Calabi-Yau 
algebra |Gin06j to suit Frobenius algebras. First, we recall this definition. 

Definition 2.3.1. |Gin06j An associative algebra A over a commutative ring k is called Calabi- 
Yau if it has finite Hochschild dimension, and one has a quasi-isomorphism in the derived category 
of ^"^-modules, 

(2.3.2) f : A[d]^ RHom^e {A, A(^A) 
which is self-dual: 

(2.3.3) /■ot = f[-d], 
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where, for any map g : M ^ iV of A-bimodules, g- : RHomA.= (A^, ^'') ^ RHom^e(M, ^'') is the 
natural map, and l : A ^ RHom^e (j4, RHom^c (^, ^ (8) A)) is the natural map. Here [— ] denotes 
the shift in the derived category. 

However, if A is Frobenius and of finite Hochschild dimension (part of being (usual) CY), then 
Q^A = for large enough z, and hence A ~ in the stable module category. Hence, HH^(A, M) = 
for all I > 1, so j4 has Hochschild dimension zero. That is, A is a projective A-bimodule (i.e., A is 
separable). 

For a separable Frobenius algebra to additionally be Calabi-Yau of dimension zero, we require 
exactly that A = A^ as ^-bimodules. By Lemma 12.1.351 this is equivalent to A* = A, i.e., A must 
be a symmetric, separable Frobenius algebra. 

This is not general enough, so we replace this notion. Let us first restate the usual Calabi-Yau 
property in terms of a quasi- isomorphism of complexes: 

(2.3.4) Pm Pm-i Po A 

— ^P^ ^Pr -P^^^. 

Here and from now on, the functor ^ will be in the category of A-bimodules, i.e., = Hom^e (M, A0 
A). 

If now A becomes a Frobenius algebra, as explained earlier, we cannot have such a quasi- 
isomorphism (for m > 1): in fact, when dualizing the top sequence, we get something that begins 
with A^ ^ Pq P^ . However, it still makes sense to ask for a commutative diagram, with exact 
rows, as follows: 

(2.3.5) c ^ ^ p^_^ ^ ^ ^ ^ 

^V^pV ^pV ^ ^pv^^ 

In fact, since the dual is automatically exact in the Frobenius case, by a standard result of homo- 
logical algebra, such a diagram must automatically exist given a resolution as in the top row. So it 
is enough to ask for such a resolution. 

On the level of the stable module category, having such a resolution implies the following condi- 
tion: 

Definition 2.3.6. A Frobenius algebra A over k is called Calabi-Yau Frobenius of dimension 

m if one has isomorphisms in the stable module category Stabk(j4'^), for some m G 

(2.3.7) f ■A'' ^ n'^+^A. 

If there is more than one such m, then we pick the smallest nonnegative value of m (which exists 
because such algebras must be periodic as in the subsequent definition). 

If additionally A has a grading, such that the above isomorphism is a graded isomorphism when 
composed with some shift (considering the stable module category to now be graded), then we say 
that ^ is a graded Calabi-Yau Frobenius algebra. More precisely, if / : j4^(m') ~ ^"^~^^A is 
a graded isomorphism, where (i) denotes the shift by £ with the new grading, then one says that 
A is graded Calabi-Yau Frobenius with dimension m of shift m'. 



The self-duality property required for Calabi-Yau algebras (|2.3.3|l can still be imposed here: this would be the 
condition that / : ~ Q'^+^A satisfies /"^ = fi^'^^V- We do not need this. 

10 



We remark that the above definition of Calabi-Yau Frobenius is (apparently) stronger than the 
notion of Calabi-Yau for selfinjective algebras discussed in [ES06| for the case k is a field: see 
Theorem 12.3.211 and the comments thereafter. 

Definition 2.3.8. A Frobenius algebra over k is called periodic Frobenius of period n for some 
n > if one has (in Stabk(A'^)) 

(2.3.9) 5 : A ~ QI'A, 

and that is the smallest positive n for which one has such an isomorphism. If A has a grading, we 
define graded periodic Frobenius of period n and shift n' as before (if g : A{n') ~ Q'^A is a 
graded isomorphism in the stable module category). 

Note that it makes sense to be Calabi-Yau Frobenius of negative dimension. In particular, any 
symmetric Frobenius algebra is either Calabi-Yau Frobenius of dimension —1, or periodic Calabi- 
Yau Frobenius of dimension n — 1 and period n for some n > 1. 

Also, any periodic Frobenius algebra must have even period, unless 2 • Id ~ in the stable module 
category, e.g., char k = 2, as we will see in Theorem 12.3.471 In particular, the CY dimension must 
be odd for symmetric Frobenius algebras. 

Example 2.3.10. The preprojective algebras of ADE Dynkin quivers are periodic Calabi-Yau Frobe- 
nius (using |EE07j ) of dimension 2 and shift 2, and of period 6 and shift 2h (twice the Coxeter 
number). The essential ingredient is the Schofield resolution [RSj (cf., e.g., |EE07] ) . with R = \J , 
where I is the vertex set: 

(2.3.11) A^{2) ^ A®R A{2) A®rV ®rA-^ A®rA->^ A. 

Here, V is the free k-module spanned by the edges of the quiver. This completes to a periodic 
projective resolution of length 6, since the Nakayama automorphism has order 2 (for more details, 
see Proposition I2.3.15|) . The fact that the shift is 2h follows from the fact that A^ {2) = Ar^{h), 
which amounts to the fact that the degree of the image of Id G A (^r A* under the isomorphism 
A ®R A* = A ®R A from the pairing, \s h — 2 (i.e., h — 2 \s the degree of the product of any basis 
element with its dual basis element). 

We note that an important part of the above is showing that IIq is free (equivalently, projective) 
over Z; this follows from explicit Z-bases (such as those in |Eu07c) . which one may verify is integral; 
types A^D over Z are also in |Sch07l §4.2.2]). 

Example 2.3.12. Similarly, the centrally extended preprojective algebras [ER06] , over k = C, are 
periodic Calabi-Yau Frobenius with dimension 3 (of shift 4) and period 4 (of shift 2/i), using |Eu06] . 
These are symmetric, i.e., have trivial Nakayama automorphism. Note that these are not, in general, 
torsion- free over Z (cf. §4]), hence not Frobenius over Z, although the definition may be modified 
to correct this. 

Example 2.3.13. Similarly to the Dynkin case, one may consider preprojective algebras of generalized 
Dynkin type: this refers to preprojective algebras of type r„ (otherwise known as L„) which can be 
obtained from Il^jn by passing to fixed points under the Nakayama automorphism, Ht^ := (n^a^)^- 
In other words, this is associated to a graph of T„ type. 

In [Eu07bj (using a variant of the Schofield resolution [RS] (cf . [BES07] ) , it is proved that IIt„ is 
periodic Calabi-Yau Frobenius of dimension 5 (and shift /i + 2) and period 6 (and shift 2h). Also, 
in |Eu07bj . a correction to results of |ES98aj in type A is given. 

Example 2.3.14. [BBK02j The trivial extension algebras of path algebras of Dynkin quivers are 
periodic Calabi-Yau Frobenius (in fact, symmetric) of dimension 2h — 3 and period 2h — 2, where h 
is the Coxeter number. These are "almost-Koszul dual" to the preprojective algebras; see jBBK02) . 
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For Calabi-Yau Frobenius algebras, being periodic Frobenius is closely related to having finite- 
order Nakayama automorphism: 

Proposition 2.3.15. If A is Calabi-Yau Frobenius of dimension ^ —1, then the following are 
equivalent: 

(i) A is periodic Frobenius; 

(ii) For some p > 0, one has 

(2.3.16) A ~ j4,^p in the stable bimodule categor-^ 
(e.g., if rf is inner). 

In the situation that the above are satisfied, then the Calabi-Yau dimension m, the period n, and 
the smallest p > such that (j2.3.16|) holds, are related by 

(2.3.17) n = p • gcd(n, m + 1), 

and r = gcd(n,m + 1) is the smallest positive integer such that Q^A ~ A,^k for some integer k. 

In particular, a Calabi-Yau Frobenius algebra of dimension < —2 must have infinite-order 
Nakayama automorphism (since if it were periodic, the CY dimension is defined to be nonneg- 
ative). Being dimension —1 is a special case, consisting of stably symmetric Frobenius algebras 
that are not periodic. 

Proof, (ii) implies (i): We have Q'^^^A ~ = A^-i. For any p such that (|2.3.16p holds, we have 
A ~ A^^p ~ yielding (i). 

(i) implies (ii): As in the previous paragraph, we deduce that Q^'^'^'^^^ A ~ Aj^-k. If Q'^A ~ A, 
then we would deduce that A ~ r2~" (™'+^)A ~ Arj", yielding (ii). 

To obtain (12.3.17p . let r > be the smallest positive integer such that ^l^A ~ A^k for some 
integer k. It follows that r | (m -|- 1) and r \ n. Since r | (m +1), it must be that k is relatively 
prime to p, otherwise A . m+i ~ Q^^'^^A ~ A„-i would contradict the minimality of p. Similarly, 

we deduce that n = p ■ r, and r = gcd(n, m + 1). □ 

Also, we have the following growth criterion: 

Notation 2.3.18. For any fg k-module M, let g{M) = g\i{M) > denote its minimal number of 
generators. 

Proposition 2.3.19. Suppose that k has finite Krull dimension (or just that its maximal ideal 
spectrum has finite dimension). If A is Calabi-Yau Frobenius of dimension ^ —1, or if A is 
periodic Frobenius, then for any fg A-modules M, N which are projective as li-modules, there is a 
positive integer p > 1 such that, for all i ^Jj, Ext*(M, A^) and Toi^{M* , N) are generated by at 
most p generators over k. We may take p = ag{M) ■ g{N) -\- b for some a,b > depending only on 
A and k. 

Moreover, for any fg A-bimodule L which is projective as a \i-module, there is a positive integer 
q >l such that Hff (A, L) , HH ,- (A, L) are generated by at most q generators, for all i G Z,. Again, 
we may take q = a' ■ g{L) + b' for some a', 6' > depending only on A and k. 

Proof. Without loss of generality, assume that the tautological map k — ^ is injective. Under 
either assumption of the proposition [A is CY Frobenius of dim 7^ —1 or ^ is periodic Frobenius), 
we have Vt^ A ~ ^4^ for some r > 1 and some automorphism (p of A. Thus, for all integers s, we 

^Note that, if we had defined Calabi-Yau and periodic Frobenius algebras using complexes rather than the stable 
module category, then this would be replaced by an honest isomorphism of bimodules, A = A^p , and hence rj^ would 
have to be inner. 
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may write s = r-k + r' for some < r' < r, and then Q\eA ~ Q'^^^A^k . Since Q^M ~ ^l\eA M, 
we have 

(2.3.20) Ext''(M,iV) ^Bom{n\eA(S)AM,N) ^ Hom(^-fcf]^e A 0a M, A^). 

Furthermore, using the normaUzed bar resolution of A (twisted by automorphisms of A), we may 
take fi^e^ to be isomorphic, as a right A-module, to (A/k)®'^ <SiA. Then, locahzing k at any prime 
ideal, Hom(^-fc0^e A 0^ M, A^) can have rank at most {g{A) — ly' ■ g{M) ■ g{N). By Theorem 1 of 
|Swa67] . Rom (^-kn''[,.A0A M, N) can then be generated by at most {g{A) - If' ■ g{M) ■ g{N) + d 
elements, where d is the dimension of the maximal ideal spectrum of k. 

We can apply the same idea for Tor'^(M, A^). For HH- ^ (A, L) and HH^ fA, L) where L is now an 
^-bimodule, we now use that these are given by Hom ^efr^-^A, L) and Q^A^^^ L, and apply the 
same argument as above. □ 

In particular, the above proposition rules out tensor products of periodic Frobenius algebras over 
a field (which are not separable) from being periodic or Calabi-Yau Frobenius of dimension 7^ — 1, 
by the Kiinneth theorem. 

The following theorems also have graded versions (by incorporating the shifts in the definitions), 
but we omit them for simplicity. 

Theorem 2.3.21. (i) For any Calabi-Yau Frobenius algebra A of dimension m, and any fg 
A-modules M, N which are projective over k, one has isomorphisms (functorial in M, N ) 

(2.3.22) Hom ^fM, N) ^ Hom a (N, 9.-'"'M)\ if k is a field, 

(2.3.23) RHom !, (M, N) - RHom ^y (A^, M)* generally. 

That is, fi"™" is a (right) Serre functor for the stable module category relative to k. 
(ii) For any periodic Frobenius algebra A of period n, and any fg A-modules M, N , one has 
isomorphisms 

(2.3.24) HomA(M,A^) ^ HomA(J^"M,Ar), RHom *4(M. A^) - RHom '+"(M, A^). 

As a corollary, we see that any Calabi-Yau Frobenius algebra over a field is also Calabi-Yau in 
the sense of |ES06j . We do not know if the reverse implication holds. 

Proof, (i) By (I2.2.2P (which holds for arbitrary k) and ()2. 1.380 . we have a stable equivalence 

(2.3.25) M ~ rj'"+V(M), i.e., uM ~ ^-"'-^M. 

Since fiz^ already provides a right Serre functor in the senses needed for (i) (using Theorem l2.2.6p . we 
now know that 0"™ also provides such a right Serre functor (note that the above stable equivalences 
are clearly functorial). 

(ii) This is easy. □ 

Remark 2.3.26. For general Frobenius algebras, one can still say that Hom(M, A^) = Hom(A^, A* ®a 
J7M)* (by (j2.2.2p and Theorem l2.2.6p . so that the Serre functor involves shifting and twisting by an 
invertible (under (8)^) bimodule. Similarly, the following results on Hochschild (co)homology have 
analogues for arbitrary Frobenius algebras using twisting (by powers of rj) as well as shifting. For 
this, one considers the bigraded algebra Hom^e {A, A^,i ) and its bigraded module $7*^ A^,i . We 
do not need this for our examples. However, it might be interesting to try to apply this formalism 
to finite-dimensional Hopf algebras (analogously to [BZ06| ). 

We now present results on stable Hochschild cohomology of periodic and CY Frobenius algebras: 

Theorem 2.3.27. Let A be a Calabi-Yau Frobenius algebra of dimension m, and M any 
A-bimodule. 
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(i) One has isomorphisms and quasi-isomorphisms 

(2.3.28) D : RR'(A, M) ^ HH^ J A, M). RHom^.(^, M) ~ (A 0;^, M)„_.. 
For M = A, these isomorphisms intertwine cup product with contraction: 

(2.3.29) Boij(x) = /UD(x), Vx G HH,(^, ^), / e HH*(^, A). 

(ii) Let M be fg projective over k. One has 

(2.3.30) HH*{A,M)^BR"'—{A,M*y, if \i is a field, 

(2.3.31) MomA=(A,M) ~ RHom;j-'(^,M*)*, generally. 
In the case M = A, we may rewrite this, respectively, as 

(2.3.32) HH'(A,A) ^HH(2"^+i)— (^,^)*, RHom^e(A ^) =^ RHomJJr^^^~'(yl, A)*. 

(iii) The induced pairing 

(2.3.33) HH*(>1,>1) (»HH(2™+i)— (A,A) 
is invariant with respect to cup product: 

(2.3.34) {f,gUh) = {fUg,h), \f\ + \g\ + \h\ = 2m + l, 

and is nondegenerate if\<iisa field. Moreover, for all k, one has a nondegenerate invariant 
pairing in the derived category (of degree —(2m + l)jE 

(2.3.35) RHom^e {A, A) RHom ^e {A, A) k, 
inducing ()2.3.32p . 

In other words, C is a Frobenius algebra in the derived category of\<.-modules, and i/k 
is a field, HH * is a graded Frobenius algebra over k (using a definition that only requires 
finite-generation in each degree). 

We also remark that (j2.3.34p and (j2.3.29p , together with the graded commutativity of Theorem 
I2.1.15i (iii). give another proof of the graded selfadjointness of (|2.1.33p in this case. 

Proof, (i) Let us pick a two-sided resolution of A: 

(2.3.36) >P2^Pi^Po^A^P.i^P^2^---, 

so that, removing the A, the complex P, is an exact complex of projectives. Since Q^'^^^A ~ 
(in the stable module category), we may form chain maps between the two obtained resolutions, 

(2.3.37) P,+im+i) ^ P-i-., 

such that their composition on either side induces identity maps on the level of Hom (17M, J7M) 
and Hom(r2M^, r2*A^) for all i € Z. As a result, upon applying the functor A ^A'^ —j we obtain 
quasi-isomorphisms of the resulting complexes, 

(2.3.38) P.+{rr.+i) M A M. 

However, it is clear that these are standard complexes computing HH^^^^, (A, M) and HH ~^~*(^, M), 
which is what we needed. 

To prove the intertwining property (j2.3.29p . we note that, for / € HH-'(A, ^4), applying i/ in the 
LHS of (|2.3.29p is the same as applying the corresponding element of Hom(A, A) to the M = A 
in (j2.3.38p . Similarly, applying / U — to the RHS is post-composing with /, which is applying the 
same element of Rgm{A, Q'^A) to the A in the RHS of (|2.3.38p . 



■^Here, a pairing X®y ^ k is nondegenerate if it induces a (quasi-) isomorphism X ~ K*, or equivalently, Y ~ X* 
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(ii) This follows from part (i) and Theorem l2.1.301 To fix the signs (so as to obtain the Frobenius 
property in part (iii)), we use for the duality x i— > (— l)l^l'"^D*oDkoD(x), rather than only D*oDkoD. 
Alternatively, we can use vA = A^* ~ A^2 ~ r2~^(™'+^)j4 and Theorem 12.2.61 and similarly for 
arbitrary M, which will give the desired property. 

(iii) For this, we will use functoriality of the isomorphisms in (ii). (The result also follows from 
Theorem 12.1.301 (iii) . ) 

In the case that k is a field, the first isomorphism of (|2.3.32|) comes from the functorial isomor- 
phisms of (j2.2.7|) (in the case k is a field, we can rewrite this as Hom(M, A^) ^ Hom (A, uVtM)*). 
Thus, we have the commutative square (for any g G HH- ^(A, A)) 

(2.3.39) Hom ^e(^,r?~M) — Hom^.(17-M, rj-(2™+i)^)* 



n-^-^go 



Hom 4.(^, Q-'-jA) Rom ^,(n-'^^A. n^C^"^+^)A)* 

which gives exactly the invariance property needed. On the level of complexes, we may make the 
desired statement as follows. Let P,, as in (j2.3.36p . be a two-sided resolution of A. Then, we have 
the following sequence, where the isomorphisms mean quasi-isomorphisms, and all complexes are 
total complexes graded by •: 
(2.3.40) 

C ^ HomAe(P.,P_.) ^ HomAe(P_.,i/Pi+.)* ^ HomAe(P_., P._(2™+i))* ^ (c(2™+i)-)*. 
Next, for any j G Z and any g € iiomA^{P»+j , P»), we have the commutative square 

(2.3.41) HomAe(P.,P_.) ^^HomA=(P-.,P._(2™+i)^)* 



9° 



{oar 



HomA<= (P., P-.-j) — ^ IIomAe(P_.-j, P,_(2m+i))* 

which gives the desired result. The pairing C* (8> C* k in the derived category is given by 
replacing C* with IIomAe(P», P-») and using composition. □ 

We now need to recall the definition of calculus: 

Definition 2.3.42. |Tsy04| (p. 93) A precalculus is a pair of a Gerstenhaber algebra (V, A, [,]) 
and a graded vector space W* together with 

(1) A module structure t_ : V* (8) W~' — > W^* of the graded commutative algebra V* on W^*; 

(2) An action of the graded Lie algebra V*"^^ on W~*, which satisfies the following com- 
patibility conditions: 

(2.3.43) i,A-(-l)''^l('^l+i)A., = .[,,b], 

(2.3.44) CaAb = Caib + {-lpiaU 

A calculus is a precalculus {V',W, [ , ], A, £_) together with a differential d of degree 1 on W" 
satisfying the Cartan identity: 

(2.3.45) £a = dLa-{-lpLad. 

It is a result of |GDT89j that, for any associative algebra A, the collection 

(2.3.46) (HH'(yl, A), HH.(A, ^1), {, }, U, ,C-,B) 

is a calculus, where B is the Connes differential, {, } the Gerstenhaber bracket, and the Lie 
derivative operation. 
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Theorem 2.3.47. Let A be any periodic Frobenius algebra of period n. Then, n must he even if 
2 •HH*(yl, A) / 0, and 

(i) One has isomorphisms and quasi-isomorphisms 

(2.3.48) HH*(A, A) ^ HH'+"(A. A), HH,(^, A) ^ HH.+„(A, A), 

(2.3.49) C'Ae{A,A) A c;t"(A^), 

and similarly a quasi-isomorphism between the standard complex computing stable Hochschild 
homology and its shift by n. Moreover, the isomorphisms may he induced by cup product 
on the left with the element 1' € HH"(j4, A) representing the given isomorphism Vl^A ^ A, 
and by the contraction iy . 

(ii) The stable Hochschild cohomology is a Gerstenhaber algebra, which extends the Gerstenhaber 
structure on usual Hochschild cohomology; 

(iii) The stable Hochschild cohomology and stable Hochschild homology form the structure of a 
calculus, extending the usual calculus structure. 

Proof, (i) The isomorphisms follow as in previous proofs from the stable module isomorphism 
1' : ^ ~ 0,^A. To show that they are induced by cup product or contraction with 1' S HH"(^, A), 
let us construct a projective resolutior0 of A such that 

(2.3.50) n^A^ (n^A)^^^. 

Following the proof of Theorem l2.1.3U[ (iii). we construct this from any exact sequence Q^A ^ 
P ^ A such that P is a fg projective ^-bimodule and Q^A is an ^-bimodule which is projective 
as a left and right A-module (separately), by sphcing together {Q,^A)'^'^^ ^ P^a (0M)®^(-^'~^) 
(i}^A)^'^^^~^^ for all j > 1. If we construct these inductively by tensoring on the left by ^l^A, 
then we see that the sequences are all exact since Q^A is a projective right A-module; also, P 
{^}^A)'^^^^~^^ is a projective A^-module because the result is obvious in the case that P is a free 
^^-module. 

Now, given / G Hom 4.(^7^.4,0^^), we may construct Uf G Hom^e(^7^+^A, fi'^+M) by apply- 
ing il^^A ^A — ) by construction of the above resolution. On the other hand, the isomorphism 
ER\A,A) = Hff+"(A,^) is given by the stable module isomorphism 1' : ^7"^ ~ A. That is, we 
use the stable module isomorphism O""*"*^ ~ ^l^A, which by the above is 1' (^a Id : 0,'^A (^a ^^A — > 
A ^'A, so HH*(^, A) ^ ER'+'^iA, A) is given by cup product on the left with 1'. 

Now, since cup product with 1' induces an isomorphism, we must have a right inverse (l')~^ 
such that 1' U (1')^^ = Id, and hence it is a two-sided inverse by Theorem 12 . 1 . 15 i (i) . (iii) : 

(2.3.51) Id = (1' U (1')"^) U (1' U (1')"^) = 1' U ((1')"^ U 1') U (1')"^ 

= ((1')"^ U 1') U (1' U (1')"^) = ((1')"^ U 1'). 

Thus, we also deduce the statement at the beginning of the theorem, that either |1'| is even, or 
2 • Id = 0. (This can also be deduced from the fact that 2 • (1' U 1') = if |1'| is odd.) 

(ii),(iii) To deduce this, we use that the desired structures exist in positive degree and satisfy 
the necessary axioms. Using the element 1' from part (i) (and Theorem l2.1.15p . this result follows 
from the following general proposition (see also the comments after the statement). □ 

Proposition 2.3.52. Let (V*,yV*) be a (pre) calculus and z € V a homogeneous element. Then, 
there is a unique extension of the calculus structure to the localization {y[z^^]' ,V[z~^]' (^v* W*), 
where by convention, z~^ A z = 1. 



'This is isomorphic to the normalized bar resolution. 
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Now, if ^ is a periodic Probenius algebra, with a homogeneous element 1' G HH -^ inducing the 
periodicity, then we claim that (HH'U), HH.U)) = (HH^°(A)[(1')-^], HH>o(v4)[(l')-^]). There 
is clearly a map (HH-'^(A))[(1')~^] — > HH*(^), which is an isomorphism in nonnegative degrees, 
and must therefore be an isomorphism. As a result, we deduce that the calculus structure on 
(HH-°(A),HH>o(^)) extends uniquely to a calculus structure on (HH'(A), HH,(^)). 

We remark that this calculus is not periodic in a trivial way: it is not true that the Lie derivatives 
or B must commute with ii'. However, one can write formulas for all the operations in terms of 
operations on degrees 0, 1, 2, . . . , |1'| — 1 and involving 1'. 

Proof of Proposition \2.3.5SX We use the notation of Definition 12.3.42^ since we are discussing gen- 
eral calculi and not only the Hochschild calculus. By definition, V[z~^] is graded commutative. 
Furthermore, note that, since z /\ z = (— 1)1^1 z A z, either \z\ is even, or V[^;~^] is an algebra over 
Z/2. Either way, z is central in V[z^"'^] (not merely graded-central) , and we can omit any mention 
of (-1)1^1. 

Let (j) : V ^ V{z~^\ denote the localization map. Note that, if / G ker ((/>), i.e., / A = for 
some A; > 0, then {/, g} A z^^^ = by the Leibniz rule, so {/, g} G ker((/)). Let ^ : W ^ yV[z~^] := 
V[z~^] 0vVV denote the base-change map. Then, we have x G ker('0) iff izk{x) = for some A; > 1, 
and similarly to the above, we deduce that Ca{x)^d{x) G ker(^) for all a G V using the calculus 
identities. Similarly, for any y G W, and any / G ker(i?i>), we have Cf{y) G ker('0). Thus, it makes 
sense to speak about the calculus structures as being defined on ((?!)(V), '(/'(W)), and our goal is to 
extend the structure to (V[z~^], yV[z~^]) and verify that the calculus identities are still satisfied. 

For operators, we will use [— , — ] to denote the graded commutator: [a, [5] := aofj— (— l)l"ll'^l/3oa. 
For example, i^b] ■= ib- o 

We extend the Gerstenhaber bracket from (piV) as follows: 

(2.3.53) [z-\g]:=-z-^ ^[z,gl 

together with skew-symmetry and the Leibniz rule. We must check that this yields a well-defined 

bracket, which amounts to the computation 

(2.3.54) 

[{f^z)^z-\g] := z-'A[fAz,g] + {fAz)A[z-\g] = [f,g]+z-' Af A[z,g]-{f Az-')A[z,g] = [f,g]. 

It is easy to check that this yields a Gerstenhaber bracket, and we omit this. 

We extend the Lie derivative £_ to (V[z~^]*, >V[z~^]*) as follows. For / G (/>(V), we extend the 
operation Cf to W[z~^] using (I2.3.43p . with a := f and b := z, using the same procedure as above. 
To define the derivative L^/^^-i we use (j2.3.44p with a := f and b := z. It is straightforward that 
this is well-defined. 

We must verify that the above gives a precalculus. We know that the identities are satisfied when 
everything is in ((f){V),ip(W)). Thus, to verify that (j2.3.43p holds, we need to show that the LHS 
(graded)-commutes with l^- This follows because Lh (graded)-commutes with l^, and Lz] = '-[a,z]j 
which graded-commutes with t^. We may then inductively show that (j2.3.43p holds: first, if it holds 
for any (a, b), it must hold replacing a by a A z^^ for any j G Z by construction. Then, inductively, 
if the identity holds for (a, b), we may deduce that it holds for (a, b A z'^) using our definition of 
Aaz-i (which is based on (j2.3.44p l. 

To verify that ()2.3.44p holds, it is enough to show that the identity for (a, b A z) implies the 
identity for (a, 6). We may first prove this for a G i?5'(V), and then prove it for all a using the 
identity for (z, a) and hence for (a, z). That is, it suffices prove that the identity for (a, b A z) and 
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{a,z) implies the identity for {a,b). We have 

(2.3.55) CaAb^z + ( — 1) '-aAb'^^ = ^ahbhz = -^aA^'-fe + ( — 1) ^aA^-^fe 

= Caibiz + i-lptajOztb + i-l)^''^ iaAzjOb 

= Caibiz + (-l)l"l + l''l(taAfeA - l^at-lb,,]) + (-1)'"' (^aZ-f^.b] + La^b^z), 

which gives the identity upon canceling the two inner terms and multiplying on the right by 

We can similarly verify that £„ gives a Lie action. As before, it suffices to show that the identity 
^[x,y] = [^x,^y] for (a, bAz) and (a, z) implies the identity for (a, b). Since z is invertible, it suffices 
to verify that [Caj^bli-z = ^[afili-z- Since (using the Leibniz rule and the fact that z is central) 

(2.3.56) C[aMz] + (-l)^'"'+'^^'"+'^AA[.,a] = C[a,b]Az = ^[a,^]'^. + (" 1) l"l + l'l+^i[a,6] A, 

it suffices to verify that the LHS equals the RHS after substituting the desired identity C^afiji-z = 
[Ca,Cb]Lz- That is, it suffices to prove that 

(2.3.57) C[aMz] + (-l)^l"l+'^^l''l+'^ AA[.,a] = [jOa, Cb]iz + i-lp+\'\+h[,^,^C,. 
We have 

(2.3.58) LHS = [CaXbiz + {-^f^ibC-z] + (-i)(i'^i+^)(i''i+^) - (-i)i'^'(i''i+^).5[/:., 

(2.3.59) RES = [Ca. CbVz + {-l)\''\CaibC, - {-lt\\'>\ibCaC,, 

from which (j2.3.57p follows by expanding i^^^a] = '-^^a — ^.ai^z in the first line, and making two 
pairwise cancellations. 

Next, we have to extend differential d. For this, we use the Cartan identity (j2.3.45p . with a := z 
(or a power of z). We need to check that, with this definition, (j2.3.45p holds, and that = 0. We 
will show that (j2.3.45p holds applied to any element b G >V[2^^]. First, we show that (j2.3.45p must 
hold when b G V(W). This amounts to the statement that 

(2.3.60) = [iz, [d,ib]]. 
We simplify the RHS as 

(2.3.6f) [izAd,ib]] = [[iz,dlib]''"=i--{-lf\C.,ib] = (-l)l^l+'"(l^l+')iM = 

as desired (the first step used [t^,/-^] = by graded-commutativity) . Next, we show that (12.3.45P 
must hold for all b. This amounts to the statement that 

(2.3.62) [d,iaAz\ = [d,ia]iz + {-lt^ia[d,izl 

which follows immediately using iaAz = i-ai-z- 

Finally, to show that = 0, it suffices to show that [d^, Lz] = 0, i.e., dCz + Czd = 0. Actually, we 
know that this identity holds when applied to ijj{yV), so it is enough to show that [dCz + Czd, iz] = 0. 
We have 

(2.3.63) [dCz + Czd, t^] = -diiz,z] + + - '^[z,z]d = -C\z,z\ + 2/:^ = 0, 

using at the end the fact that L- is an action. □ 

Adding the CY Frobenius condition, we obtain the 

Theorem 2.3.64. (i) Let A be any periodic Calabi-Yau Frobenius algebra. Then, the stable 
Hochschild cohomology is a BV algebra, with BV differential obtained by the duality ()2.3.28p 
from the Connes differential. That is, the differential A := Boi?oD, where B is the duality 
(I2.3.28P and B the Connes differential, satisfies (ll.2.23p ." 
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(ii) If A is only CY^m) Frobenius (and not necessarily periodic), and m > 1, then we may 
still define A := D o B oO in degrees < m, and (jl.2.23p is satisfied when |a|, |6| > and 
1 < |a| + |6| < m. 

Proof, (i) The proof is similar to the proof of Theorem 3.4.3 in |Gin06| . Namely, using (j2.3.29p and 
(|2.3.43p . we have 

(2.3.65) {a, b} = ]D)i{„_fc}D(l) = a U B£bD(l) - (-l)l"l(l^l+i)B/:bB(a). 
Now, using (|2.3.45p and (|2.3.44p . we have 

(2.3.66) RHS = a U A(6) - (-l)l''la U b U A(l) - (-l)l'^l(l^l+i) A(6 U a) + (-l)l"ll^l6 U A(a). 

Using graded-commutativity, this immediately gives ()1.2.23p . 

(ii) The above proof goes through in the general Calabi-Yau Frobenius case in the degrees 
indicated. Note that we needed |a|, |6| > because we used (j2.3.43p applied to a and b. □ 

Remark 2.3.67. In fact, for any graded-commutative algebra V*, giving the structure of calculus 
using W* := V"*"* which satisfies the intertwining property (12.3.291) (for B the tautological iso- 
morphism) is equivalent to giving V a BV algebra structure. The above theorem showed that 
calculus+duality gives BV; the other direction is as follows: The intertwining property (I2.3.29P 
uniquely specifies what the module structure of V on W* is, and the differential then gives C. One 
may then deduce the remaining identities from A^ = and the BV identity (|1.2.23p . The identity 
^[x,y] = [^x-,Cy\ says precisely that A^ is a derivatiorll; (I2.3.43P says A is a differential operator of 
order < 2, together with the BV identity (i.e., that a (8> 6 i— > (—1)1"!+^ [a, 6] is the principal symbol 
of A). Then, (j2.3.44p is a consequence of (j2.3.45p (and it is a proof that A being an operator of 
order < 2 yields the Leibniz rule for its principal symbol). 

Put together, any periodic Calabi-Yau Frobenius algebra has Hochschild cohomology which is 
a BV algebra and a Frobenius algebra (in the derived category), and together with Hochschild 
homology forms a periodic calculus (together with an isomorphism between the two that intertwines 
cup product with contraction). Moreover, the shift functor il^™ is a (right) Serre functor for the 
category of fg left modules. 

In the case of (generalized, centrally extended) preprojective algebras (Examples l2.3.10|2.3.12|2.3.13p 
over C (or any field for the ordinary preprojective algebras), the formula for the extension of B is 
quite simple, as we will prove: 

(2.3.68) 5, = (-l)'Bfco5*2-. oBfc, 

(2.3.69) = 0. 

This says that B is graded selfadjoint. As a consequence, so is the BV differential A. This 
motivates the 

Definition 2.3.70. A BV Frobenius algebra is a Z-graded Frobenius algebra H {= a Z-graded 
algebra whose graded components are fg projective over k, and with a homogeneous invariant inner 
product of some fixed degree) together with a graded self-adjoint differential A, : — > of 
degree —1, i.e., 

(2.3.71) A. = (-l)'At, 

with a1 the adjoint of A,. 
This leads to the 

''It is worth remarking, by comparison, that, for a graded-commutative algebra with an odd differential operator 
A of order < 2, the Jacobi identity for its principal symbol ±[,] says that is a differential operator of order < 2 
(so being a derivation is between this and A'^ = 0). Skew-symmetry of [,] is automatic. 
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Question 2.3.72. Are the formulas (j2.3.68p . (j2.3.69p valid for any periodic Calahi-Yau Frobenius 
algebra? 



More generally: 

Question 2.3.73. For which Frobenius algebras A does (j2.3.68p . (|2.3.69p define an extension of 
the usual calculus to ( HH *, HH .) ? 

If the answer to Question l2.3.72l is positive, then the stable Hochschild cohomology of any periodic 
CY Frobenius algebra is BV Frobenius. If the answer to (|2.3.73p includes CY Frobenius algebras, 
then one does not need the periodicity assumption. 

To answer the above questions, we suggest to work on the level of standard Hochschild chains. 
Consider the two-sided resolution iV, of A given by N, ^ A {N^ ®a A*), where A'^, is the 
normalized bar resolution. Then, the chain complex N, (8)a<= A has the form 

(2.3.74) >A®A^A^A(S)A^A^A*^A*® (A)* ^ A* (A)* ® (A)* ^ • • • . 

Then, the two-sided Connes differential B should be given, on chains, by 

B, i>0, 

(2.3.75) Bi:= lo, i = -1, 

^{-lyB*, i<-2. 

We hope to address this in a future paper. 



2.4. Hochschild cohomology of symmetric algebras is BV. In this subsection, we give a 
simple proof that a symmetric Frobenius algebra over an arbitrary base ring k has ordinary 
Hochschild cohomology which is BV. This is based on using the formulas (j2.3.68p . (j2.3.69p to 
extend B (since the algebra need not be periodic, we cannot use Theorem I2.3.64p . Actually, we 
show this more generally for "stably symmetric" algebras, i.e., A ~ A"^ . 

First, let us extend the Lie derivative operation to all of ( HH *, HH .), in the spirit of (j2.3.68p . (|2.3.69p : 

(2.4.1) Ch ■■= Bib f^bB. 

We claim that (iaA-(-l)'"'^'^'+^^ A«a)(a;) = i{a,b}{x), when a, 6 G HH-°(A, A) andx G HH<_i(A,^). 
We have (using graded commutators) 

(2.4.2) Cb{x) = (-l)l^l-(l^l+i)Dk(-l)l''l(5*i^ -i^5*)Bfc(x) = -(-l)'^'-(l''l+%kK, 5lBk(x). 

The signs above use the identity c ■ \x\ + d ■ {\x\ + c) = d ■ \x\ + c • {\x\ + d) = {c + d) ■ \x\ + c • d. 
(setting c = l,d= \b\ or vice-versa). We then obtain 

(2.4.3) [ia,Ci>]{x) = (-l)l^l-(H+l^l+i)]D)k[K,i?*],C]Ok(^) = (-l)l"l-(l"l+l'l+^)Bk([ia,[i^,i6]])*Bk(x) 

= (_l)l-|-(H+|b|+i)]D)ki|„^,^Bk(x) =i{,,,|(:E). 

But, as in the proof of Theorem 12.3.641 this identity immediately gives the BV identity (jl.2.23p . 
letting X = D(l) G HH'VA, A). Note also that, by definition, SB(1) = 0, so that A(l) = 0. 

3. Hochschild (co) homology of ADE preprojective algebras over any base 

As mentioned in Example l2.3.101 the preprojective algebra of a quiver of type ADE is a periodic 
Calabi-Yau Frobenius algebra. In this section, we explicitly describe its Hochschild (co)homology 
over an arbitrary base (including positive-characteristic fields). In characteristic zero, this has 
already been done in |EE071 IEu06j . We also review and simplify the algebraic structures on 
Hochschild (co) homology, and prove that HH * is BV Frobenius (verifying Question 12.3.721 in this 
case). Finally, in §3.3^ we explicitly describe the maps relating the Hochschild (co)homology of 
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Dynkin preprojective algebras with the extended Dynkin case; in the latter case, the Hochschild 
cohomology groups were described over k = C in [CBEG0 7] and later over Z in [ SchOTj . 

The new theorems proved here are: Theorem l3.2.71 which computes the Hochschild (co)homology 
of the Dynkin preprojective algebras over Z and proves that it is a BV Frobenius algebra, and 
Theorem 13.3.41 which compares the Hochschild cohomology of the Dynkin and extended Dynkin 
preprojective algebras over Z. We also restate in a simplified form two theorems from |EE071 lEuOTa] 
(Theorems [3X2] and I3.1.13|) . 

We first recall the definition of the preprojective algebras Hq of ADE type. 

Notation 3.0.1. We will use [n] to denote the degree-n-component of a graded vector space (dis- 
carding other degrees), and (n) to denote shifting a graded vector space by degree n. In particular, 
A[m] is a graded vector space concentrated in degree m, and (yl(n))[m] = (Aim — n])(n). The 
vector space A[m]{—m) is concentrated in degree zero. 

Notation 3.0.2. We will use deg(2;) to denote the degree of an element z in a graded algebra or 
module. This is to distinguish with Hochschild degree, where we denote \a\ = m ii a £ iUi "^(A, M) 
(so deg(a) would denote the degree with respect to the grading on A and M). The notation [m], (m) 
refer to the deg(— ) grading, and never to Hochschild degree. 

Let k be a commutative ring. Let Q be a quiver of ADE type with vertex set I. By convention, Q 
also denotes the edges of the quiver. Let Q := QuQ* be the double quiver, where Q* := {a* \ a € Q} 
is the quiver obtained by reversing all arrows (a* is the reverse of a). 

Let Pq,Pq be the associated path algebras over k, and let Uq := Pq/ ((r)) with r := Ylaegl.^' ^*]- 
Let Cj denote the image of the vertex i for any i £ I. 

Recall from Example 12.3.101 that Uq is a Frobenius algebra over k (in fact, periodic Calabi-Yau). 
Let (,) denote an invariant inner product, and let rj be the Nakayama automorphism of Hq, so 
that {x,y) = {r]-^{y),x). Recah [RSl IES98al IEHOG] that we may choose (,),"?/ such that 

(3.0.3) r]{ei) = ejj(i), defining fj : I ^ I hy 

(3.0.4) Q^^(i) = -wo{ai); 

here, wq is the longest element of the Weyl group of the root system attached to Q, and ai,i € I 
are the roots. Furthermore, rj may be uniquely chosen to act on Q C Pq so that 



(3.0.5) T]{Q*) C Q, and r]{Q) C 



—Q, if Q is of type D, E, 
Q, if (5 is of type A, 



since Q is a tree. As a consequence of these formulas, we see that rj and fj are involutions. We 
remark that rj is always nontrivial, even though, for D2n+i, and E^, fj becomes trivial. (Except, 
over characteristic 2, r] is trivial for D2n+i, Ej, and E^.) 

Let mi, m2, . . . , m^j^ be the exponents of the root system attached to Q, in increasing order. Let 
h := m|/| + 1 be the Coxeter number. 

Recall that the Hilbert series of a Z>o-graded vector space M is defined to be h{M; t) := 
^^>Q dim M[m]i™'. If E is an Z>o-graded k^-module for any field k, then we define the matrix- 
valued Hilbert series of E, h{E;t), by h{E;t)ij := ^^>q dimi?[m]jjt'^, where E[m]ij := ej£'[m]ej, 
where Cj, ej S k^ are the idempotents corresponding to the vertices i,j G /. 



3.1. Reminder of characteristic zero results. Let A := Uq, and assume that k is a characteristic- 
zero field. We may then describe the Hochschild homology, HH^:{A), and cohomology, HH*{A), 
as follows: 
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Definition 3.1.1. [EE07| Let U := {HH^{A)[< h - 2])(2),L := HH^{A)[h - 2]{-{h - 2)),K := 
HH^{A){2), and Y := HH^{A)[-h - 2]{h + 2). Also, let P G End(k-f) be the permutation matrix 
corresponding to the involution f). Let be the set of vertices fixed by f/. 

Theorem 3.1.2. |EE07] (restated) 

(i) U has Hubert series 

(3.1.3) h{U;t)= ^ t2m._ 

i:mi<^ 

(ii) We have natural isomorphisms K = ker(P + 1) and L = k^''. 

(iii) As graded vector spaces, one has 

(3.1.4) HH°{A,A) ^U{-2) ®Y{h-2), HH\A, A) ^ U {-2) , RR^(A,A) ^ K(-2). 

(3.1.5) BH_^+\A,A) ^KR\A,A){-2h), HH\A, A){2) ^ (EH^-'{A, A){2))* , 

(3.1.6) BBAA,A) ^ HH^-^(A^)(2). 

(3.1.7) ///?°(A) ^ [/(-2)eL(/i-2), HHo{A)^k^. 

3.1.1. The cup product. Let us summarize also the cup product structure, which was computed 
in j ES98al lEuOTc] . We explain it using our language and results. In view of the first isomorphism 
of (I3.1.5P and Theorem 12.3.471 it is enough to consider cup products among elements of Hochschild 
degrees between and 5. 

Since the Calabi-Yau Frobenius dimension is 2 of shift 2, by Theorem 12.3.271 the Hochschild 
cohomology is a Frobenius algebra with pairing of Hochschild degree —5 (meaning, (/, g) ^ 
implies that |/| + \g\ =5 in Hochschild degree), and of graded degree 4 (meaning, in graded degree, 
{f,g) / implies deg(/) + deg{g) = —4). In particular, for all i G Z, the composition 

(3.1.8) RRHA, A) ^ RR^-UA. A) ^ RR^(A. A) k 

is a perfect pairing of graded degree 4, the same as the second isomorphism of (13.1.5p . 

Moreover, if |/| + \g\ + \h\ = 5 (in Hochschild degree), using the graded-commutativity of cup 
product, we have 

(3.1.9) (/ Ug,h) = (-1)M>I(/ uh,g) = (-l)\fH\9\+W) uhj), 

and since the pairing is perfect, we see that knowing the cup product HHI^I ® HHlfl ^ HH^'I^I 
determines the cup product in the other two pairs of Hochschild degrees, (|/|, \h\) and {\g\, \h\). 
That is, we may divide the cup products into the unordered triples summing to 5 modulo 6: 

(3.1.10) (0, 0, 5), (0, 1,4), (0, 2, 3), (1, 1, 3), (1, 2, 2), (1, 5, 5), (2, 4, 5), (3, 3, 5), (3, 4, 4), 

and the cup product in any fixed two Hochschild degrees of a triple determines the other two pairs 
of cup products. 

The first triple above corresponds to multiplication in the center Z{A), via the quotient Z{A) 
RH°{A,A) which performs C/(-2)eL(/i + 2) ^ U{-2)eY{h+2) (see |ES98al[Ei07c] for an explicit 
computation of this multiplication). Then, the next two triples describe HH ^(^, A) and HH ^fA, A) 
as HH°(^,yl)-modules. As explained in [ES98al IEu07cj . RR^{A,A) is cyclic as an RR°(A,A)- 
module (generated by the Euler vector field), and since K is concentrated in graded degree zero, 
the structure on HH ^fA, A) is the obvious (trivial) one: it is a k- vector space. 

The cup products between Hochschild degrees (1,1) and (3,3) are trivial for graded degree 
reasons. For types D,E,A2n+i, the cup product is also trivial in Hochschild degrees (3,4) for 
degree reasons, and in degrees (2, 4) by an argument using the BV identity (see |Eu07cj — the 
argument only shows that the cup product is /i-torsion, and in fact it appears to be nontrivial 
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for type -D2n+i in characteristic two). In type A2n, the cup product between degrees (3,4) and 
(2,4) is nontrivial and can be exphcitly computed (see [ES98a| : see also the similar type T case 
in [EuOTbJ). When nontrivial, the products between degrees (3,4) and (2,4) are only between the 
lowest possible degrees (so, it reduces to a pairing of vector spaces concentrated in bottom degree, 
which in fact has rank one since the bottom-degree part in Hochschild degree 4 has dimension one). 
This leaves only the cup products (1, 2, 2) and (1, 5, 5). These are best described as cup products 

(3.1.11) HH^{A,A) (^HR^{A,A) ^ HH^(A,A) ^im^(A.AY. 

(3.1.12) HH^{A,A)^'HH!'{A,A) ^ HH^(A,A) ^BE.^(A.AY. 

Here, we obtain a nondegenerate symmetric bilinear pairing a on K, and a symplectic pairing f3 on 
Y, respectively (one must obtain some symmetric and skew-symmetric bilinear pairings on K and 
Y, respectively, since K and Y are concentrated in degree zero, and U has k-dimension equal to one 
in each graded degree; nondegeneracy is then a result of explicit computations in |ES98al lEuOTc] 
(Theorem 4.0.8 in [EuOTcj for types D,E] throughout |ES98aj . part II, for type A)). 

3.1.2. The Connes and BV differentials. Using the dualities and intertwining properties, one 
immediately obtains the contraction maps. It remains only to compute the Connes differential, 
which yields the BV differential by duality, and then using the Cartan and BV identities, one 
immediately computes the Lie derivatives and Gerstenhaber bracket. 

We reprint the Connes differential from [Eu0 7a] . Let {zk),{iOk) be homogeneous bases for 
U{-2),Y{h-2) C EMPiA,A), respectively, with deg(zfc) = k. Let {9k) C U{-2) C HH\A,A) be a 
homogeneous basis for IIH^(^, A) with deg{6k) = k, and let (fk) C K C HH ^fA, A) be a basis. We 
will write (/^), (61), (4), (cj^) for the du al bases of HH^ fA, A). HH^fA, A), and HH^(yl, A). (Using 
dual notation is where we diverge from [EuOTc^ [Eu07a| ) . Let us abusively identify these elements 
with their images under periodicity and B. So, for example, 9k may denote the corresponding 
element in any group HH ^^^'^ or HHi+es for any s G Z. (This also differs from the notation of 
[EuOTdlEHOTa] '!. 

Theorem 3.1.13. [EuOTal Theorem 5.0.10] The Connes differential B, : HH,(A, A) HH,+i(^, A) 

is given by 

(3.1.14) = = = B2+Qs{U) = B^+esiY*), 

(3.1.15) Bi+Qs{Ok) = {l + '^ + sh)zk, Bs+6siz*k) = {is + l)h-l-^)ei, 

(3.1.16) B2+Qs{uJk) = {l + s)hp~\iOk), 

(3.1.17) i?5+6s(/fc) = is + l)ha-Hrk), 

where in the first line, B2+qs{U) means the image of the summand of U{2hs) under B2+QS, <ind 
similarly for B-^^QsiY*). 

Hence, the same formulas are valid for HH, where now s € Z is arbitrary. As a consequence of 
writing it this way, using the symmetry and skew-symmetry of a, (3, respectively, it is easy to verify 
the (new) 

Corollary 3.1.18. The Connes differential B is graded selfadjoint with respect to the duality Bk- 
Hence, the same is true for the BV differential A. 

Each line of (j3.1.14p - (|3.1.17p verifies Bi = (—ly B^2-i for the concerned summands of HHi. 

Remark 3.1.19. In the generalized Dynkin case of type T^ (Example l2.3.13( ). a similar observation to 
the above, together with the computation of B found in |Eu07b| . shows that B is graded selfadjoint 
in the T„ case, and hence so is A, i.e., HH* is BV Frobenius. 
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3.2. Extension of results to Z and arbitrary characteristic. Now, we explain the general 
Z-structure of Hochschild (co)homology. Note that, by the Universal Coefficient Theorem, one may 
immediately deduce the k-module structure from this for any k; we explain it for fields Fp (with 
p prime) to see the duality. We will also see that the stable Hochschild cohomology HH * is BV 
Frobenius over any base field, in Theorem 13.2.71 (v) below, and give the complete structure of A 
over any field. 

Definition 3.2.1. We define (and redefine) the vector spaces T, U, K, K' , Y, Y' , L by 



(3.2.2) K := ^q{A, A)[0], := Torsion(HH_i(^, y4)[0]), T := BHq{A, A)[> 0], 

(3.2.3) Y := (HH-\A, A)[h - 2]){-{h - 2)), Y' := Torsion(HH°(.4, ^)[/i - 2])(-(h - 2)), 

(3.2.4) C/(-2) :=HH°(A,A)[< (/i-2)], L := RR^iA, A)[h - 2]{-{h - 2)). 
Let T* (abusively) denote the graded Z-module 

(3.2.5) T* := H\T^*) ^ Homz(r,Q/Z), 



where L* denotes the derived dual, and H the first cohomology. 

Note that, after tensoring by C, the vector spaces U,K,Y,L above become (isomorphic to) the 
ones defined previously. Also, K, K' ,Y,Y' , L are all concentrated in degree zero (by construction), 
hence the shifts in the definition. On the other hand, U, T, T* live in multiple degrees. Also, note 
that, by e.g. the Universal Coefficient Theorem, when torsion appears in the cohomology over Z, 
then if we work instead over Fp, the torsion is tensored by Fp and replicated in degree one lower 
(one higher for homology) . The free part carries over (tensored by Fp of course) . 

Notation 3.2.6. Let the bad primes consist of 2 for Q = Dn, 2, 3 for Q = Eq or Ej, and 2, 3, 5 for 
Q = Eq, and no others. 

Theorem 3.2.7. (i) The modules T,T* are finite with torsion elements of order equal to bad 
primes, and K',Y' are finite with torsion of order dividing the Coxeter number h. The 
modules K, Y, L, U are free over Z. 

(ii) We have 

(3.2.8) ^{A,A)^U{-2)®Y{h-2)®Y\h-2), HH^A, A) ^ C/(-2), 

(3.2.9) HH2(A, A) ^ K(-2) eT(-2), YiR^jA, A] ^ Ki-2) K'(-2), 

(3.2.10) HH^(^,^) ^ [/*(-2) eT*(-2), ^{A, A) ^ U* {-2) (S)Y{-h - 2), 

(3.2.11) HHi(A,^) ^HH2-^(A,A)(2), HH6+* ^ HH*(-2/i), 

(3.2.12) HH°(A,^) ^C/(-2)eL(/i-2), HHo(y4, A) ^ Z^ © T. 

(iii) For any prime p, letting Mp := M ^¥p for all M , we have 

(3.2.13) HHO(Ap, Ap) ^ Upi-2) © Yp{h - 2) © Y^^h - 2), HH'(^p, Ap) ^ Up{-2) © rp(-2), 

(3.2.14) m^{Ap, Ap) ^ Kp{-2) © K'^{-2) © rp(-2), HH'~'(^p, Ap){2) ^ (HHi(^p, Ap){2)y , 

(3.2.15) HH.Up.^p) ^ HH^-^(A„, An)(2), HH'^+' ^ Hff (-2/i), 

(3.2.16) mi\Ap,Ap)^Up{-2)®Lp{h-2), HHo(Ap, Ap) ^ F^ © Tp. 

(iv) For any (bad) prime p, T* is cyclic as an iUl ^(Ap, Ap) -module. 

(v) The BV differential A (and hence the Connes differential) is graded self adjoint over any 
field k. In particular, for k = Fp, A is zero restricted to any summand Kp,Yp,Tp,Tp . 

The remainder of this subsection is devoted to the proof of the theorem. 

24 



Lemma 3.2.17. The center of A does not increase over positive characteristic. That is, the map 
Z(A) ® Fp — > Z(A (g) Fp) is an isomorphism for all ADE quivers. 

We omit the proof of the above lemma, which was done using MAGMA for type E, and a 
straightforward exphcit computation in the An,Dn cases, using bases in terms of paths in the 
quiver. Note that the lemma is actually true for all quivers, since the non-Dynkin case is proved 
in |(]BE(W[[SdIn7] . 

Corollary 3.2.18. The groups RR^{A, A),RIl^{A, A),RRi{A, A), and HH3(^,^) are all free Z- 
modules. 

Proof. It is enough to show that they are torsion- free. For HH^, this follows from the fact that the 
differential do in C'{A, A) must have saturated image (otherwise HH°(^,A) would increase m some 
positive characteristic); alternatively, this is a consequence of the universal coefficient theorem. For 
HH^(^,^), we use the derived duality Bk : C'{A,A) ^ C^~'{A,A)*, so that the differential do 
corresponds to in the latter (again, we could also use the universal coefficient theorem). Then, 
the duality B of dimension 2 and the periodicity 6 gives the results for Hochschild homology: 
HH-' = HH6n+2-j whenever j, 6n + 2 — j are both positive. □ 

Using the duality B and the periodicity by period 6, it remains only to compute the torsion of 
HH2(A, A),RR^{A, A), HH^(^, A), and HH^(^, A). Using the duality Bk, HH^ and HH"^ must have 
dual torsion, so it is really enough to compute in degrees 2, 3, and 6. We will see that the torsion 
in these degrees will be nontrivial, but only in bad primes (2 for 2, 3 for Eq and Ej, and 2, 3, 5 
for Es), and primes dividing the Coxeter number h. 

First, by the duality B, the torsion of HHg(74, ^4) and HH^(A, A) are isomorphic. Since HHo(j4, A) 
has no torsion in degree zero, and the inclusion HH n(A, ^4) C HHo(^, ^1) is full in nonzero degrees, 
the torsion of HH n(^, A) (and hence of HH ofA, A)) is the same as that of HHo(^, A). The latter 
was computed in [SchOTj . and we collect results for convenience: 

Proposition 3.2.19. [SchOTl Theorem 4.2.60] The module RRo{A,A) = l/ ® T , where T := 
HHo(^,^)+ is finite and given as follows: 

• ForQ = An, T = 0, 

• For Q = Dn, 

(3.2.20) Z/2(m), 

4|m,0<m<2(n-2) 

[r2 • z"^^^] for deg(r2) = deg(z) = A, where 

• For Q = En, T is a (finite) direct sum of shifted copies o/Z/2 and Z/3, and in the case 
n = 8, also o/Z/5. In particular: 

(3.2.21) Te, = Z/2(4) e Z/3(6), 

(3.2.22) TEr = (Z/2(4) Z/2(8) Z/2(16)) Z/3(6), 

(3.2.23) Tes = (Z/2(4) Z/2(8) Z/2(16) © Z/2(28)) (Z/3(6) Z/3(18)) Z/5(10). 

Moreover, for any Q and any bad prime p, there exists a top-degree torsion element, rp^top? such that 
all homogeneous p-torsion elements [x] have the property that [x ■ z] = rp^top for some homogeneous 
central element z € HH'^(nQ,nQ). 

We deduce immediately that T* (g) Fp is cyclic under dual contraction, and hence (by (|2.1.33p ) 
also under contraction. By the intertwining property (|2.3.29p . we deduce part (iv) of Theorem 
[3X71 

It remains only to compute the torsion of HH '^fA, A) and HH ^fA, A), i.e., to compute K' and 
Y' and verify that there is no other torsion. We will use some results of |Eu07cj for this, but let us 
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explain them using our language. Using the formulation of Definition 13.2.11 and the (normalized) 
bar complex, it suffices to compute the torsion of the cokernels of the maps 

(3.2.24) Co{A,A)^ A^A* ^C-i{A,A), C-^{A,A)^A^-i'^^A^C^{A,A). 

To express these maps, write Id = Y2i ® xi ^ A* ® A. Then, the map A ® A — > A* ® A m. 
the normalized bar resolution is given by {x ® y) ^ xy ■ Id. So, the "conorm" differential do 
in (j3.2.24p must be given hy y Yli^iV^^ ^ Since we may assume deg(2;i) = — deg(x*), 
the image can only be nonzero if deg(7/) = 0. Similarly, the "norm" differential d^^ is given by 
d~^{y) = Yli^iV^i S '^o'^ viewing x* as an element of A via (,). Here also, only deg(y) = 
need be considered. We deduce 

Proposition 3.2.25. (i) The conorm, do, and norm, d~^ , maps are given by 

(3.2.26) do{y) = ^Xiyx* G A*, d-\y) =^x*yx, G A, 

i i 

where 

(3.2.27) Id = ^ X* (^Xi£A*®A. 

i 

The image of the conorm and norm maps (io,rf^^ must lie in the top degree of A*, A, 
respectively. 

(ii) Identifying A* with A using (,), and letting uji £ eiylej|(j) denote the image of e* & A* , we 
have 

(3.2.28) do(ei) = ^ tr(Id|e^.AeJ'^j, d~'^{ei) = '^6j^f^(^j)Si^f^(^i)tv{r]\e,Aej)uJj. 

Proof. Part (i) has already been proved and is more generally true for any (graded) Frobenius 
algebra A. We show part (ii), using the fact that ^[0] = as a subalgebra, with rj acting by the 
permutation f]. Let / : A — > k be the function such that (a, 6) = f{ab). We have that f{ei,uji) = 
f{coi) = 1 for all i. Thus, to compute do(ei), it is enough to find f{ejdo{ei)) = /(^^^(ejX^ejX^)) 
for all j G /. This is the same as ^^(ejX^ej, a;|), which is the trace of the projection A ejAei. 
Similarly, we have 

(3.2.29) ^(ejX^ei,X£) = ^{r]{eiXi)ej,x*f,) = tr(x ^ ef^(i)rj{x)ej) = tr(r/|e,Ae,)5j,f)(j)'^i,7?(i)- 

□ 

We note that in |Eu07cj . sums such as (13.2.26P (with Xi a basis) are used to describe K and Y\ 
the proposition above explains their origin through norm and conorm maps. In particular, bases 
are not needed, and under the connectivity assumption A[Q\ = k^ of (ii), one can re-express the 
sum as a trace. We believe that the necessity of using such formulas to describe usual Hochschild 
cohomology gives further justification for studying stable Hochschild cohomology. 

Using the proposition, to compute K' and y', it suffices to compute two matrices: an / x /- 
matrix, Hq, whose entries are {HQ)ij = tr(Idejyiej)i and an x /^'-matrix, iJg, whose entries are 
{HQ)ij = tr(ryeiAej)) where := {i G / : 77(2) = i}. These matrices were computed in the D,E 
cases in [Eu07c] . In fact, Hq itself was originally computed for all Dynkin cases in [MOV06] : since 
A is free over k, Hq = h{A] 1) is the Hilbert series matrix h[A; t) evaluated at t = 1. In |MQV06] 
is the following formula for h{A;t): 

(3.2.30) h{A- t) = {l + Pt^){l -Ct + t^y\ 
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So Hq = (1 + P)(2 — C) ^. These are then easy to compute. It is also not difficult to compute 
Hq, which we omit, since the D, E cases are already in [EuOTcj . and the A case is easy. We obtain 
the following (for k = Z): 

Proposition 3.2.31. K' and Y' are zero if Q = An, and otherwise are given by 
(3.2.32) 



(3.2.33) Y' 





'(Z/2)®2LfJ-2, 


Q = Dn, 


K' ^ < 


(Z/2)®2, 
(Z/2)®6, 


Q = Eq, 

Q = E7, 






Q = Es. 


'Z/2, 




Q = Dn, 


Z/(n- 


1) = Z/(V2), 


Q = Dn, 


' Z/3, 




Q = E7, 


.0, 




otherwise. 



n even, 
n odd, 



This proves (i) of Theorem I3.2.7[ At this point, (ii) and (iii) are immediate from the dualities 
and the Universal Coefficient Theorem. 

It remains to prove part (v). Since we already know (by Corollarv l3.1.18p the result for charac- 
teristic zero, it suffices to take k = Fp for some prime p. As before, let 1 € HH ^ be the identity, 
and 1' € HH® induce the periodicity. First, we note that A(l) = and A(l') = because this 
is true over Z (by |Eu07a| ) . and moreover that {(l')% (1')-'} = for all i,j for the same reason. 
Hence, Li' is also graded self-adjoint, and it suffices to verify that (A(a),6) = (— l)'"' (a, A(6)), 
when < |a|, |6| < 5, and hence either |o| -|- |&| = 6 or \a\ = \b\ = 0. To do this, we will show that 
A kills summands of the form K'^, Yp, Tp and T* (the second statement of (v)). 

It is clear, for graded degree reasons, that A kills summands of the form Y' , K' ,T,T* over 
k = TL. It remains to show that the new summands appearing over Fp are also killed. For K' in 
HH^ , this is true for degree reasons and the fact that the kernel of A on HH^ [0] is zero (from the 
characteristic-zero case), using that A^ = 0. For degree reasons, the summand of (— 2) in HH^ 
and the summand of 1"' (— /i — 2) in HH ^ must be killed. 

It remains only to show that the summand of rp(— 2) in HH^ is killed. Note first that there is 
an element HEu E HH^(IIq), the "half-Euler vector field", whose action on closed paths (which 
must have even length since Q is a tree) is to multiply by half the path-length. It follows from 
[EuOTcj (cf. |Sch0 5] . §10 for the extended Dynkin case and the following subsection) that HEu 
generates HH ^fHQ) as a HH'^(nQ)-module in the case that k = Z. Now, over k = Fp, C/(— 2) (g)Fp is 
isomorphic to a direct summand Up{—2) of HH ^fH^). From the argument in [EuOTaj . we know that 
the operator A|hh1(^,a) acts on Up{-2) by A{zHEu) = {^^^ + l)z, for ah z G BHP{Uq)[< h-2]. 

We claim that the Lie derivative Lheu acts on HH, by multiplication by half the graded degree. 
For HH,, this follows from the explicit formula for the Lie derivative (as argued in [EuOTaj ) . and 
then this extends easily to HH, by taking the unique extension guaranteed by Proposition 12.3.521 
(using the construction given in the proof). It follows from this that, under the Gerstenhaber 
bracket, ad{HEu) acts on HH * by multiplication by half the graded degree. 

From the identity ()1.2.23p and the fact that A(l) = 0, we have 

(3.2.34) A{HEu U x) - A{HEu) \J x + HEu U A{x) = {HEu, x} = ' x, 
for any homogeneous x E HH^. Since A{HEu) = 1 and A|jjjj2 = 0, we obtain 

(3.2.35) HEu\jA{x) = {^^^ + l)x. 

27 



For any choice of splitting of Tp in HH ^, the structure of T as given in Proposition 13.2.19] shows 
that ^ + 1 = as an element of ¥p, for all x € Tp. Hence, we have 
(3.2.36) HEuUA{x) = 0. 

Since, for degree reasons, A(x) is in the C/p(— 2)-summand of HH *^, we deduce that A{x) = 0. This 
completes the proof of Theorem 13.2.71 

3.3. The maps between the extended Dynkin and Dynkin preprojective algebras. In 

this subsection, we will interpret K' ,Y', and T in terms of the preprojective algebras of the corre- 
sponding extended Dynkin quivers. For this, we use the projection tt : 11^ Uq and functoriality 
of Hochschild homology. We need to recall a few results from |Sch07j first. 

Let Q be an ADE quiver and let Q be the corresponding extended Dynkin quiver. By [CBEGOTt 
ISch07| ■ we know that Xlg is (ordinary) Calabi-Yau of dimension 2, and in particular has Hochschild 
dimension 2. Let Zq := HH*^(Hg,HQ) and Zq^ := Zq[> 1]. The ring Zq is closely related to 
the Kleinian singularity ring: one has Zq (8> C = C[3;, y]'" where F is the group corresponding to Q 

under the McKay correspondence, and one can even replace C with e l""! ]. There is a standard 
integral presentation of C[a;,y]'" which actually describes Zq over Z (see, e.g., |Sch07[ Propositions 
6.4.2, 7.4.1, a nd 8.4.1]). 

By |Sch07t §10.1], we know that, as graded Z-modules, 

(3.3.1) HHo(nQ,nQ) ^z^eZg^^er, 

(3.3.2) }i}i,iUQ,UQ) ^ Zq{2) (B Zq _^ 

(3.3.3) HH2(n^,H^) ^ Zq{2), Hff ^ HH2-. . 

Theorem 3.3.4. The induced maps vr^^j : HHj(nQ,HQ) — > HHj(nQ,nQ) are given as follows: 

(0) TT^, is an isomorphism on jJ T , and kills Zq ^; 

(1) vr^, 1 is a surjection Zq{2) U, with kernel the elements of degree > h (and killing the 
second factor, Zq j^); 

(2) 7r^^2 ■ Zq{2) ^ C7 © Y{h) ® Y'{h) is a surjection onto U © Y'{h), killing Zq[> h - 2], and 
sending ZqIH — 2] onto torsion. 

Moreover, these maps give rise to maps HH'(Hg,ng) — > HH*(nQ,nQ) fori G {0, 1}, which describe 
the image of central elements, and describe descent of outer derivations, related to the above by D. 
On HH°, the map ZqIH — 2] ^ L{h — 2) maps isomorphically to the saturation of the kernel of 
L{h - 2) ^ {Y{h - 2) © Y'{h - 2)) (i.e., the kernel of L{h - 2) ^ Y(h - 2) ). 

Proof. Part (0) is a consequence of |Sch071 Theorem 4.2.60]. 

(1) Let us prove this by computing instead the map on HH^; there are duality isomorphisms 
HH^ HHi which must commute with vr* because they are realized by explicit maps of chain 
complexes expressed in terms of the quiver. Recall also that HH^(74, A) is the space of outer 
derivations (derivations of A modulo inner derivations). 

We claim that the outer derivations descend from Uq to Uq. To see this, we use the explicit 
description of them for Uq from |Sch07^ §10.2]: the outer derivations are realized by certain Q- 
linear combinations of the half-Euler vector field (multiplying by the degree in Q, setting degree in 
Q* to be zero), and maps (j)x ■ y ^ {2;,?/}, using the Poisson bracket { , } induced by the necklace 
Lie bracket on HHq (or the Poisson structure on C[x,y]'"). The latter was shown to make sense as 
a map HHo(nQ/,nQ/) (8) Hg/ Uq/ in |Sch071 §5.2], for any quiver Q', and the half-Euler vector 
field obviously makes sense. Also, although HH^ consists of some fractions of sums of these outer 
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derivations, clearly an outer derivation is a multiple of some integer on Ilg only if the same is true 
in Uq. 

Next, we claim that all outer derivations on IIq are obtained in this way. This is an immediate 
consequence of the fact that HH'^(nQ,nQ) surjects to U{—2), since 1111^(11(3,11(3) is U{—2) times 
the half-Euler vector field mentioned above (cf. [Eu07c] . Proposition 8.0.4, and |ES98at II]). We 
thus deduce the desired statement, and (1). 

Next, we prove (2). We note that this is equivalent to the desired statement on the level of HH", 
i.e., for the map Zq — > Zq, by virtue of the duality maps B : IiR^{IlQ,IlQ) ^ 11112(11^, Ilg) and 
B : IIH°(nQ,nQ) HH2(nQ,nQ), where the latter is the quotient L ^ (T Y') on L, and the 
identity on U. 

To prove (2), we use the fact that the Connes differential, and hence the BV differential, are 
functorial. For the extended Dynkin side, by |Sch07l Theorem 10.3.1], the BV differential A : 
HH^ ^ HH° is the map sending z ■ HEu to (HEu + l)z, where HEu is the half-Euler vector field, 
and z G HH^; A kills the derivations related to the Poisson bracket as above. In other words, 
the map B : HHi — > HH2 sends {z,w) £ Zq{2) © i^Q)+ to {HEu + l){z) G Zq (here we ignored 
the shift by two in applying HEu). On the Dynkin side, the Connes differential is also given by 
z 1-^ {HEu + l){z), for z £ U. Hence, by functoriality of the Connes differential, we deduce that 7r*_2 
is as described in degrees < h, and in degree h, has to at least map to Y' (there can be /i/2-torsion 
on account of the {HEu + 1)). 

To complete the argument, it suffices to prove the surjectivity to Y': in terms of HH'^, we have 
to show that the map Zq [h — 2] — > L(/i — 2) maps surjectively to the kernel of L(/i — 2) Y{h — 2) . 
For this, we can perform a relatively easy explicit computation, showing that the elements from 
|Sch07j map to the saturation of the column span of Hq. For An,Dn this is straightforward; for 
Eq,Es, there is nothing to show; and for Ej, where h — 2 = 16, this alternatively follows from 
Proposition 7.3.3 of |Eu06] (which computes the square of an element ^ ■^(3[8]: this turns out 
to be the needed element which spans the rank-one kernel of L ^ y. But, we already know that 
Zq[8] a Zq[8] by the above.) □ 

Remark 3.3.5. The above gives an alternative (integral) computation of the algebra structure on 
HH''(nQ, 11(3) given in |Eu07cj . §7: this must be obtained from truncating the "Kleinian singularity" 
algebra 1111^(11^,11^) at degrees < h — 2, and composing with the kernel map ker(L ^ Y) L. 
The asserted relation to the Kleinian singularity C^/P associated to Q is that Zq = eigllQeip 
(fSchOSj, Theorem 10.1.1), where zq is the extending vertex of Q, and that eigllgejo (S>C = C[x, y]^ 
(alternatively, instead of by C, one can tensor by any ring containing and lr|-th roots of unity). 

Remark 3.3.6. In |Sch07j . the exact structure of T turned out to be mandated by the requirement 
that, for non-Dynkin, non-extended Dynkin quivers Q ^ Q ^ Q, the torsion of IIIIo(ng,ng) is 
Z/p in degrees 2p^ for all primes p and all ^ > 1, and these are generated by elements of the 
form -[r^ ] (where r = X^aGQ — a*a is the relation). The specific structure of the torsion in 
the Dynkin and extended Dynkin cases compensates for the fact that Zq is missing some degrees 
that would otherwise be necessary to produce the torsion of HHo(n(^,n(^) (using the description 
in [Sch07'j Theorem 4.2.30], of torsion elements of 11110(11^^,11^^) not coming from HHo(n(3,n(3) as 
cyclic products of elements rQ with elements of Zq.) 

4. HOCHSCHILD (CO) HOMOLOGY OF CENTRALLY EXTENDED PREPROJECTIVE ALGEBRAS 

In this section, we compute the BV structure on the Hochschild cohomology of centrally extended 
preprojective algebras A over k = C, and verify that the BV differential is graded self-adjoint (hence, 
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the Hochschild cohomology is a BV Frobenius algebra). From this, the structure of calculus on 
(HH'(j4), HH,(^)) easily follows as in Remark 12.3.671 using the duality D (we omit the explicit 
formulas) . 

As before, let Q be a quiver of ADE type with vertex set I. In |ER06j . the centrally ex- 
tended preprojective algebra IIq is defined as a central extension of IIq, in terms of a parameter 

H G k-'^. We assume that /i is a regular weight, i.e., if // = ^^^j /J-i ■ ei for {cj} C k-'^ the 
idempotents corresponding to I, then /ijCJi, a) 7^ for any root a of the root system at- 
tached to Q, with u>i the fundamental weights. Explicitly, for all a = '^Zi^i'^i^i ^ such that 

Eie/ - T^adQ ah{a)at{a) = 1, we have "i/^i 7^ 0. 

Let -Pq[-z] be the algebra of polynomials in the central parameter z with coefficients in Pq. Then 
we define 

(4.0.1) n^:=PQ[z]/(z./x- j;[a,a*]). 

aGQ 

This is a graded algebra with deg(e) = deg(e*) = l,deg(z) = 2, for all e G Q. Now, let A := Hq, 
and let Z be the center of A. Let h denote the Coxeter number of Q. Let A^ := A[> 1] denote the 
part of positive degree, and let Atop '■= A[2h — 2] denote the part of A of top degree. 

In [ER06J, it is proved that 11'^ is Frobenius over k = C. We note that, over k = Z, this is not, in 
general, true. For example, for Q = A2 and ^ = p = Xlig/ ^j) obtain that 11^^ = Pq/2P-q['> 3], 
which is not fg or projective over Z. However, certain parameters ^ G should yield a Frobenius 
algebra, and we hope to explore this in a future paper. Namely, these parameters should be those 
such that (X^jg/ P-i^i, Oi) = ±1 for all roots a; more generally, for Hq Fp to be Frobenius over p, 
the condition should be that (X^jg/ /ii^j, a) is not a multiple of p. We hope to explore this in a 
future paper. 

For the rest of this section, let us take k := C and assume that is regular {(^^ p-i^Ji, a) 7^ 0). 

There is a periodic resolution of A of period 4 ([Eu06], §3), and A is a symmetric algebra, so 
we immediately deduce (as stated in Example I2.3.12p that j4 is a periodic Calabi-Yau Frobenius 
algebra of dimension 3 (of shift 4) and period 4 (of shift 2h). 

Theorem 4.0.2. |Eu06j The Hochschild cohomology groups of A over k := C are given by (for 
n > 0): 

(4.0.3) HH^''+^{A) ^ {Znn-^[A,A]){-2nh-2) ^ zZ{-2nh-2), 

(4.0.4) HH^''+^{A) ^ A/{[A,A]+ iiZ){-2nh-2), 

(4.0.5) HH^'^+^iA) ^ A+/[A, A]{-2nh - 4), 

(4.0.6) HH^''^\A) ^ Z/Atop{-2{n + l)h). 

From the periodicity, we immediately deduce the groups HH*, by allowing n to be an arbitrary 
integer in the above. The fact that HH* = (HH'^~*)* says that the nondegenerate trace pairing 
|ELR06j induces nondegenerate pairings 

(4.0.7) {Z n ii-\A, A]){-2) ® A/{[A, A] + fiZ) ^ k, 

(4.0.8) A+/[A,A]{-A) ® Z I Atop ^ k. 

To describe the cup products, as before, it suffices to describe the product between two degrees for 
every triple of integers between and 3, which sums to 3 modulo 4: 

(4.0.9) (0, 0, 3), (0, 1, 2), (1, 1, 1), (1, 3, 3), (2, 2, 3). 

Recall from |ELR061 IEu06| the Hilbert series for these graded vector spaces, using again m\ < 
. . . < = /i to denote the exponents of the root system (note that the sets {h — rrii} = {rui} are 
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identical) : 

r 

(4.0.10) /i(HH°(^);t) = /i(HHH^);t) = 5]](*^'"""^ + *^"'' + --- + *^''"^): 

1=1 

r 

(4.0.11) /i(HH2(^);t) = /i(HH3(A);t) = ^(t-2 + i + ...+t2m,-6^_ 

i=l 

Theorem 4.0.12. (i) As modules o?;er HH°(^), we have HH1(A) ^ HH°(yl) anrf HH2(^) ^ 
HH3(A) ^ (HH°(yl))*. 

(ii) ^Z/ o/ the cup products HH*(yl) (g) HH-^'(^) YW'^HA) for 1 < i < j < 3 are zero except 
forUR^{A) (g)BH^{A) BR^{A), which, using the identifications of (i), is the canonical 
map HH°(.4) ® (HH0(^))* ^ (HH°(^))*. 

Proof, (i) From |Eu06] . p. 10, it follows easily that HH^(vl) is of the desired form. Since there 
must be a unique (up to scaling) element in degree zero, we can use the explicit isomorphism 
HH'^(A) ^ HH^(j4), z ^ z ■ En where En is the Euler vector field. Then, the statements about 
HH2(^),HH3(A) follow immediately from Theorem EJ^ZI (We may even show compatibility with 
the duality pairings defined in [Eu06 j using the trace map of [ELR06| . by a simple computation 
along the lines of [EuOTcj ) . 

(h) For graded degree reasons, using (j4.().l()p . (j4.().llll . and the fact that HH^(^) = HH°(A)(-2/i), 
the triples (1,3,3) and (2,2,3) of multiplications (|i:a9D are zero. Then, HH^(A) U HH^(A) = 
since Eu U Eu = 0, by graded-commutativity. The final statement then follows from Theorem 
12.3.271 □ 

We now describe explicitly the Connes and BV differentials. For this, we fix the isomorphism 
D : HH,(^) ^ HH^— (A) of Theorem EXHl and use the elements Eu £ BR'^"^+^ (A) , Eu* G 
HH''™+2(^), and 1* G m{^"^+^(A). Here, the notation is a bit abusive, since really Eu* G 
HH*^(^),1* G HH'^(A) using Theorem 12.3.271 but we identify these elements with their images 
under the periodicity. We describe ah elements of RR^'^+^(A).RR^"^+^(A) by Eu*/z,l*/z for 
z G HH ^(A), which refers to the unique elements so that z U Eu* /z = Eu* and zUl* /z = 1*. 

Theorem 4.0.13. With the above identifications, the BV differential is given by, for all m G Z, 

(4.0.14) A2m = 0, 

(4.0.15) A4.m+i{zEu) = (deg(z) + 4 - 2hm)z ■ (l')^"", 

(4.0.16) A4rr.+3(17^) = C^H^ " m) - 4 - deg{z))Eu*/z. 

In particular, A is graded self adjoint, i.e., HH * is BV Frobenius. 

Proof. We use the Cartan identity (j2.3.45p in the case a = Eu: Bi^u + isuB = Ceu- Also, it 
is easy to check (as in e.g. |Eu07a] ) that CEu{f) = deg(/) • / for all / G HH,(A) (and hence for 
HH.(^) as weh). From this (using (14.0. lOp . (14.0. 11|) . the fact that the Calabi-Yau shift is 4, and 
the vanishing of HH^(yl) UHH^(74)) we compute -B|hHo(A)- 

(4.0.17) B{Eu U A{l*/z)) = {BiEu + iEuB){B{l* / z)) = (2/i - 4 - deg(z)) • l*/z, 

which implies that A3(l*/z) = {2h - 2 - deg{z))Eu* /z, using Theorem [1^121 (ii) • Then, = 
implies that A2 = 0. 

Inductively, we claim that A2m = and A2m+i is an isomorphism, for all m < 1. Assume that 
A2m = and A2m+i is an isomorphism. We need only show that A2m-i is also an isomorphism. 
This follows from Ceu = B^-2m'i'Eu + iEuBi-2m = iEuB4-2m, together with the fact that Ceu and 
iEu are isomorphisms (here, we use that the degrees of HH q(^) are between and 2h — 6). At the 
same time, we may deduce the desired formulas (since Ceu multiplies by degree). 
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It remains only to prove that the formulas still hold in Hochschild degrees > 3. To show this, 
we consider the formula 

(4.0.18) Ci' = Biy -iyB, 

for 1' € HH ^(A) the periodicity element. From this, we may compute that, applied to degrees < 3, 
Cy kills even degrees, and on odd degrees acts by Cii{zEu) = 2hz{l')"^ (where here \zEu\ = 4m+l), 
and Ci'{l*/z) = 2hEu*/z. Since Ci' is a derivation and >Ci'(l') = 0, we deduce the desired 
result. □ 

5. Periodic group algebras of finite groups 

As mentioned already, for any finite group G, the group algebra k[G] is Frobenius, and in 
fact symmetric (hence, Calabi-Yau Frobenius). It is natural to ask when such group algebras are 
periodic. 

Certainly, if k[G] is periodic, then its Hochschild cohomology is periodic. It is well known that 
one has the following formula for Hochschild cohomology, as an abstract graded k-module: 

(5.0.1) HH'(k[G],k[G]) = H'{ZGic,),k), 

conjugacy classes Ci 

with representative £ Ci 

where Zcici) is the centralizer of Cj in G, and the H*{H,\<.) denotes the group cohomology of H 
with coefficients in k. (For an explanation, see Proposition IS.O.Sj where we give a refined version.) 

Hence, in order for the Hochschild cohomology to be periodic, it must be that the numbers of 
generators of the cohomology groups of G are bounded. Let us now set k := Z. Then, the classical 
Suzuki-Zassenhaus theorem classifies all such groups. These groups are those such that all abelian 
subgroups are cyclic, and they fall into six explicit families (cf. p. 150 of [AM04]). Moreover, these 
all have periodic group cohomology. Since this property is preserved under taking subgroups, we 
deduce the (probably well known) 

Proposition 5.0.2. The group algebra Z[G] of a finite group G has periodic Hochschild cohomology 
iff all abelian subgroups of G are cyclic. For such groups, k[G] has periodic Hochschild cohomology 
(relative to kj, for all commutative rings k. 

We would like to know if such group algebras are in fact periodic Calabi-Yau Frobenius algebras 
(since they are symmetric, it is enough to check if they are periodic Frobenius). This is stronger 
than having periodic Hochschild cohomology, since we actually need r2"'k[G] ~ k[G] for some n > 1. 
This would be satisfied if we could show that such k[G] have periodic resolutions. 

Fortunately, there is a very similar classical result of Swan (which also used the (mod-p) classi- 
fication of periodic groups): 

Theorem 5.0.3. |Swa60j Let R := ^S'^] for some set S of primes. Let G be a finite group. 
Then, there is a periodic resolution of R as an R[G] module, i.e., 

(5.0.4) O^R^ Pn-l ^ Pn-2 ^ >Po^R^O, 

iff G has periodic group cohomology with coefficients in R. 

We deduce the following: 

Theorem 5.0.5. The group algebra Z[G] is periodic Calabi-Yau Frobenius iff G has the property 
that all abelian subgroups are cyclic. Equivalently, Z[G] is periodic CY Frobenius of period n iff its 
Hochschild cohomology (or the group cohomology of G) is periodic of period n. 

Proof. Using the above results, it is enough to show how to explicitly pass between a projective 
resolution of k as a k[G]-module, and a projective resolution of k[G] as a k[G]'^-module, in such a way 
as to preserve periodicity of a given period. More generally, we prove the following proposition. □ 
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Proposition 5.0.6. Let H = (H, n, A,rj,€, S) be any Hopf algebra over k which is a projective 
\<i-module. Let LL/s, := {1 ® S) o A{H) C .ff (8) H°p. Then, given any projective resolution P, o/ k 
as an H-module, Ind^"^ P, is a projective resolution of LL as an H-bimodule, which is split as a 
complex of left H-modules. 

Conversely, if Q, is a resolution of H as an H-bimodule which is split as a complex of right 
H-modules, then Q, (S)h k is a projective resolution of\<i as an H-module. 

To remove the left-right asymmetry, note that a sequence of (projective) ff-bimodules which are 
spht as left //-modules can have the i/-bimodule action twisted to a-km-kb := S{b)mS{a) to make 
them split as right iJ- modules rather than as left iJ-modules. If we apply to the twisted 

version of H, we still obtain k. 

Proof. We only prove the first statement, since the last one is easy. The proof is essentially a 
refinement of the usual proof of (jS.O.ip . We claim that (1) Ind^®^ ^ k = as iJ-bimodules, and 
(2) with the left {H(S)1) and right H/s, actions, H^ is isomorphic as an //-bimodule to H(S)H with the 
usual outer //-bimodule structure. By part (2) of the claim, and the fact that H is projective over 
k, we deduce that H ® H°^ is a projective Hj\ module. Since Indf is the functor H^Cdn^-, 
we obtain the desired result. 

To prove the claim, consider the k-linear maps 

(5.0.7) ^:H0H^H®H°P, (j){g ® h) = g ■ {1 S) o A{h), 

(5.0.8) iP:H(^H°'P^H^H, ^{g ^ h) = g ■ {S I) o A{S~^h) 

By the antipode identity, coassociativity, and the counit condition, cp o ip = Id = tp o (p. On 
the other hand, (j) intertwines the right i?-module structure on H ® H with the right Hi^ = H- 
module structure on (8) and ^/J intertwines in the opposite direction; also, both intertwine 
the standard left i^-module structure. So, we obtain part (2). Part (1) then follows by explicit 
(easy) computation. □ 

Corollary 5.0.9. A Hopf algebra has a periodic bimodule resolution which is split as a complex 
of right modules iff its augmentation module has a periodic left module resolution. A Hopf algebra 
which is a Frobenius algebra is periodic Frobenius iff its augmentation module k satisfies 0"k ~ k 
in the stable left-module category. 

As remarked earlier, if k is a PID, any Hopf algebra which is fg as a k-module is automatically 
Frobenius [LS69], so we can remove the Frobenius assumption from the corollary in this case 
(replacing with fg projective over k). 

Proof. The first assertion follows immediately from the proposition. For the second, we show that 

one has a stable module equivalence r2"k ~ k iff one has a stable bimodule equivalence QPH ~ H. 
We can use the functors — k, H^ ~ achieve this. □ 

The periodic groups described by the theorem include all groups which act freely on spheres: 

Theorem 5.0.10. Let G be any finite group which acts freely and orientation-preserving on a 
sphere with £ > 1. Then, for some r > 1, the group algebra k[G] is a periodic Calabi-Yau 
Frobenius algebra, of dimension — 1 and period 

This theorem follows from e.g. Lemma 6.2 of [AM04j (a spectral sequence argument showing that 
group cohomology is periodic in this case), by using Theorem 15.0.51 We give, however, a simple 
topological proof in the Appendix, in the case when G acts cellularly on a finite CW complex 
homeomorphic to S^. 
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Corollary 5.0.11. For any finite subgroup G < S0{i+1) := SO{e + l,R) for any £>!, k[G] is 
periodic Calabi-Yau Frobenius. 

We note that this corollary may also be deduced from the version of the theorem proved in the 
appendix, where G acts cellularly. To do this, we form a CW decomposition of S^~^^ by geodesic 
codimension-one slices, fixed under the orbit of G, which separate a given point x from all of its 
orbits under G. 



Appendix A. Finite groups acting freely on spheres 

In this section, we provide an elementary proof of Theorem lS.O.lOl in the case that G acts cellularly 
on a finite CW complex homeomorphic to S^. Our proof avoids the use of the classification of 
periodic groups, and is purely topological. 

The main idea of the proof is to construct a bimodule resolution of k[G] by constructing a CW 
complex which is homotopic to G, and which admits a free action of G x G°p, such that the induced 
G X G°P-module structure on the cellular homology, k[G], is the standard bimodule structure. The 
CW complex will have finitely many cells of each dimension, and the resulting cellular chain complex 
will be periodic. Thus, this complex yields a periodic bimodule resolution of k.[G]. 

To do this, we need the following simple topological lemma: 

Notation A. 0.1. Let D"',S'^ denote the n-dimensional disc and sphere, respectively. 

Lemma A. 0.2. Let m,n > be any integers. Consider the topological space X := D^+i x 5", 
and let f : dX S"^ be the attaching map which is the first projection of 5"* x 5" to S"" . Then, 
the glued topological space X Uj 5™ is homeomorphic to 5'^+"*+i . 

In the special case that n = 0, the above construction is the standard way to build 5"*"*"^ out of 
gm. attach two hemispheres D^~^^ to 5"* placed at the equator. 

Proof Let us view 5"+"^+^ C M"+™+2 as the unit sphere. Let Y° C 5'"+'"+^ be the subset 

m 

(A.0.3) Y° := {{xo, x„+„+i) G 5"+"+^ C M"+™+2 . y |^.|2 ^ ^_ 



i=0 



Now, Y° is an open subset of 5'"+™''*'^ homeomorphic to 1)™-+^ x 5"", under the map 

(A.0.4) L>™+1 X S" 3 (x, y) ^ (x, ^ y) 

1 — llxlP 



The complement of Y° is the subset x {0} C 5"+*"+^ That is, d{Y°) ^ 5*", and the attaching 
map 5™+^ X 5" ^ d{Y°) is /. □ 

In fact, we will not only use the statement of the lemma, but (a cellular version of) the explicit 
homeomorphism given in the proof. 

Proof of the cellular version of Theorem \5. 0.lOl We will construct the topological space X := S°°x 50 
5°° as an explicit CW complex with finite n-skeleta, whose associated cellular chain complex is 
i + 1-periodic. Moreover, the group G x G will act freely and cellularly (since G is finite, this 
means that the group sends each d-dimensional cell onto another d-dimensional cell). This gives 
the desired result by the remarks at the beginning of the subsection. 

Let Y denote the finite CW complex with Y = that we are given. First, we construct from 
this a topological space Z = D^~^^ that extends the action, viewing Y as the boundary of Z. To 
do this, let Z := {Y x [0, 1])/(1^ x {0}), and let G act in the obvious way (preserving the second 
component). We will think of Z as the solid unit disc in M^+^ and of Y as its boundary. We will 
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also view Z as a mere topological space isomorphic to D^~^^, i.e., a single i + 1-cell with a G-action, 
for the purpose of constructing complexes. 

Now, set := Y. We inductively construct a copy W of S°° by attaching (viewing on the 
LHS as a single k{£ + l)-cen): 

(A.0.5) z X y ^ D^+i X y "-^i- y = w^, 

(A.0.6) Z2 X y - ^ y ^^^^^^^^^ 

(A.0.7) Z3 X y - ^ Y . . . , 

where "att." means an attaching map (so NOT a map of topological spaces). We define these 
attaching maps to be the composition of the first projection ^''^C^+i)-! x y -» 5^(^+1)-! with the 
homeomorphism ^'^C^+i)-! ^ W(^k-i){£+i)+£ = Wk(£+i)-i, which exists inductively by Lemma lA.0.21 
Constructed this way, each homeomorphism ^ has image in the same sum of 

top cells of Z'^ X y: it is the sum of the £ cells of Y which make up 5^ ^ y. 

Thus, on the level of chains, if we label the cells of Woo in degree k{i + 1) +p by c^^p = Z'' x co,p, 
where co,p are the cells of y for < p < the complex C,(Woo) is a periodic free complex. 

By construction. Woo has a free action of G. Now, finally, set X := Woo x G, and let us view X 
as the homeomorphic space Woo ^Woo/G W^oo> and equip X with the resulting free cellular action 
of G X G. We then have that X is a topological space whose homology is k[G] with the usual 
bimodule action. We deduce that C,{X) is a free periodic resolution of k[G]. □ 

Appendix B. Frobenius algebras over general gommutative base rings 

In this subsection, we will extend some results known for Frobenius algebras over fields to a 
relative context, using e.g. |ARS97| as a reference for the usual results. 
We first deduce a relative selfinjectivity for A. 

Notation B.0.1. For any k-algebra A which is fg projective as a k-module, let 
* denote the functor * : Homk( — , k) : A — mod — s- ^4°^ — mod. 

Definition B.0.2. Call an y4-module I which is fg projective over k "injective relative to k" or 
"relatively injective" if, for any ^-modules M, N which are projective over k, and any injection 
M ^ N whose cokernel is a projective k-module (i.e., the injection is k-split), there exists a unique 
dotted arrow completing any diagram of the following form: 

(B.0.3) / 

> 

\ 

\ 

jVf c 

The following helps explain the meaning of relative injectivity: 

Proposition B.0.4. Let A be any algebra over a commutative ring k. If M is any module over 
A which is fg projective as a 'k-module, then any relatively injective A-module is acyclic for the 
functor Hom^(M, — ). (I.e., such I satisfy Ext^(M, /) = for all i > 1.) 

Proof. Let us take a projective resolution P, of M, i.e., • • • — > Pi ^ Pq ^ M. Since M is projective 
over k, the resolution is k-split. Thus, the relative injectivity property will guarantee that there is 
no positive homology of Hom(P,, I). □ 

The main use of "relative to k" is to make the dualization * : M Homk(M, k) behave well: 



Lemma B.0.5. Assume A is a k-algebra which is a fg projective k-module. Then, 
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(i) The dualization * : A — mod — > A"^ — mod is a contravariant functor which sends projective 
modules to modules which are injective relative to k, and vice-versa. 

(ii) There is a functorial isomorphism M** = M, for M fg projective over k. That is, the re- 
striction of* to fg A-modules which are projective over]i (in both the domain and codomain) 
is an anti- equivalence of categories, and * o * ~ Id. 

The proof is just as in the case where k is a field, so we omit it. 

Corollary B.0.6. If A is as in the lemma, then A — mod has enough relatively injectives in 
the following sense: for every fg A-module M which is projective over k, there exists a relatively 
injective module I and a \<i- split injection M ^ I. 

Proof. For any k-projective M ^ A — mod, pick a surjection P M* in the category — mod. 
This is k-split. Then, duahzing, one obtains a k-spht injection M ^ P* , and P* is relatively 
injective. □ 

As a corollary, we also deduce the relative selfinjectivity for Frobenius algebras: 

Corollary B.0.7. If A is a Frobenius algebra over k, then A is relatively injective as an A-module. 

Moreover, all projectives are relatively injective and vice-versa. 

Proof. We know that A* is isomorphic to A as an A-module (using the invariance and nondegeneracy 
of the pairing). Now, as an A°P-module, A is projective; hence A* is relatively injective as an A- 
module. 

For the last statement, we use the fact that all projectives are direct summands of free modules, 
and hence are direct summands of relatively injective modules, and are hence relatively injective. 
For the converse, for any relatively injective module M, M* is a projective A°P-module, hence a 
relatively injective A°P-module, and hence a projective A-module. □ 

Next we show that the other duality V also behaves well for Frobenius algebras in the relative 
context. All of the following results are more generally true for relatively selfinjective algebras, 
which we define as algebras A satisfying the conclusion of Corollary IB.0.6[ they are fg projective 
over k and relatively injective (equivalently. A* is projective, i.e., all projectives are relatively 
injective and vice- versa). The same proofs apply 

Proposition B.0.8. Suppose A is Frobenius over k. Then, 

(i) The functor V restricts to a functor on full subcategories: 
(B.0.9) 

{fg A-modules which are projective over k} ^ {fg A°^ -modules which are projective over k}, 

and V o V ~ Id on these subcategories. 

(ii) The functor V preserves exact li-split complexes of fg projective "k-modules. 

Proof of Proposition \B.O.S[ (i) First, let us show that, if M € A — mod is fg projective over k, then 
so is M^: 

(B.0.10) = HomA(M, A) ^ HomA(M, (A*)*) = Hom^(M, Homk(A*, k)) 

adj. 

^ Homk(A* M, k) = {A* M)* ^ (^-iM)*, 

which is f.g. projective over k. Moreover, this is functorial in M, and we deduce that V o V ~ Id. 

(ii) For bounded-below complexes, this follows from the fact (Proposition IB . 0^ that Ext^(M, A) = 
for all i > 1. Then, for any unbounded k-split exact complex of projectives, we truncate at an 
arbitrary place. □ 
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Corollary B.0.11. Let A be a Frobenius algebra over]<.. We have mutually inverse autoequivalences 
17, 17^^ : A — mod y. — s- A — mod ^, which yield exact sequences 

(B.0.12) ^ P ^ M ^ 0, 

with P a fg projective A module, for all fg A-modules M which are projective over k. 

Proof. Choose, for every module M, a sequence ()B.0.12p . and similarly a sequence of the form 

(B.0.13) ^ M / ^ Jl-^(M) ^ 0, 

with / satisfying the relative injectivity property. (To obtain such a sequence, form a sequence 
of the form ()B.0.12p for M* in the category A°P — mod, and then dualize.) Then, using the fact 
that a map M ^ N factors through a specific injection M ^ I for / relatively injective iff it 
factors through any other injection into a relatively injective (both are true iff M factors through 
all injections), it is straightforward to finish using the same arguments as in the case when k is a 
field (see, e.g., |ARS97| . [ASSOeQ . □ 

Corollary B.0.14. Let A be any Frobenius algebra over k. For any degree i > 1, and any fg 

A-modules M, N which are projective over k, 

(B.0.15) Ext\{M, N) ^ Rom jn'M, N). 

Proof. Ext^(M, A^) can be computed using a projective resolution of M, 

(B.0.16) H'pH.-.^Po^M, 
by taking the quotient 

(B.0.17) {/ G RomAe{P^,N) \ f o di+i = 0}/{g o dJ^eHom^eCA^i.TV)- 

Now, factor Pi — > Pi-i as Pi Q'^M ^ Pi^i (for 17* Af = im di = cokerdj+i), so that we may now 
write Ext^(A'/, A) as HomA(17W, A)/{morphisms factoring through 17* Af ^ Pj-i}. Then, by the 
observation from the proof of Corollary (jB.O.lip that morphisms factor through 17* Af ^ Pi-i iff 
they factor through any other injection to an injective ^-bimodule relative to k (and injective 
74-bimodules relative to k are the same as fg projective A-bimodules by Corollary IB. 0.7[) . we obtain 
the desired result. □ 

Remark B.0.18. When k is a field, the above actually endows the stable module category with the 
structure of a triangulated category, which is the quotient of the derived category of fg ^-modules 
by finite complexes of projective ^-modules. However, this is NOT true for general k (we had to 
restrict to the non-abelian subcategory of k-projectives before doing anything). 
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